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The  device  which  is  called  the  In-parallel  Platform  in  this  study  is  a six- 
degrees-of-freedom,  fully  in-parallel  mechanism.  The  In-parallel  Platform  consists  of 
a top  platform  which  is  connected  to  a base  by  six  spherical  joint-ended-legs.  The 
legs  are  connected  either  singly  or  in  a pair-wise  fashion  at  the  vertices  of  the  top 
platform  and  base. 

The  forward  displacement  analysis  problem  is  stated  as  follows:  Given  the 
lengths  of  the  sk  legs,  together  with  the  dimensions  of  the  top  and  base  platforms, 
find  all  possible  locations  (positions  and  orientations)  of  the  top  platform  measured 
relative  to  the  base.  This  study  succeeds  in  solving  this  problem  for  many  forms  of 
In-parallel  Platforms. 
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The  In-parallel  Platforms  are  classified  into  many  cases  according  to  the 
numbers  of  vertices  in  the  top  and  base  platforms.  The  closed-form  forward 
displacement  analysis  is  performed  for  the  Platforms  by  using  geometrical 
constructions  and  serial  chain  models.  A polynomial  in  a tan-half-angle  that  measures 
the  angle  between  two  planar  faces  of  a polyhedron  embedded  within  the  Platform 
is  derived  for  each  distinct  case.  The  degrees  of  the  polynomials  for  some  cases  that 
contain  zero,  one,  and  two  legs  which  are  singly  connected  at  the  vertices  of  both  the 
top  platform  and  base  are  found  to  be  respectively  sixteenth,  twenty-fourth,  and 
thirty-second.  All  the  results  are  verified  numerically  by  performing  a reverse 
displacement  analysis. 
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CHAPTER  1 
INTRODUCTION 


1.1  Background 

Most  of  the  robot  manipulators  used  today  are  serial  kinematic  devices  that 
resemble  more  or  less  the  human  arm.  A serial  manipulator  is  essentially  a 
combination  of  lower  kinematic  pairs  and  links  alternately  connected  along  an  open 
kinematic  chain.  Each  kinematic  pair  is  a single-degree-of  freedom  joint  which  is 
driven  by  an  actuator.  This  type  of  manipulator  offers  the  advantages  of  large 
workspace  and  dexterity.  However,  serial  manipulators  are  intrinsically  lacking  in 
precision  positioning  and  orientating  the  end-effector.  As  the  actuator  errors 
accumulate  from  the  base  outwards,  the  error  at  the  end-effector  is  magnified.  Also, 
loads  are  poorly  distributed  throughout  the  serial  system  and  hence  each  actuator 
must  carry  the  loads  associated  with  all  bodies  attached  to  its  corresponding  joint. 
Moreover,  due  to  their  open  chain  structural  arrangement,  serial  manipulators  suffer 
from  insufficient  rigidity. 

On  the  other  hand,  parallel  manipulators  where  two  or  more  serially 
connected  chains  join  a platform  or  end-effector  to  ground  provide  many  advantages 
over  serial  ones.  These  manipulators  are  capable  of  high  precision  operations 
because  position  errors  in  actuators  are  not  cumulative  and  in  fact  the  errors  often 
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average  out.  In  addition,  they  are  structurally  more  rigid  and  are  able  to  distribute 
the  loads  throughout  the  system.  A comparison  in  terms  of  performance 
characteristics  between  serial  and  parallel  mechanisms  was  presented  in  great  detail 

by  Cox  (1981)  and  later  by  Mohamed  (1983). 

• 

Parallel  mechanisms  have  been  proposed  in  many  robotic  applications.  In 

1965,  Stewart  wrote  his  paper  describing  a parallel  mechanism  device  that  his  name 
has  been  associated  with  (Stewart,  1965).  Hunt  in  1983  indicated  that  the  flight 
simulator  was  the  only  modern  application  of  the  Stewart  Platform  (Hunt,  1983).  The 
flight  simulator  is  a high  payload  device  for  pilot  training.  Fichter  and  McDowell 
(1980)  described  the  advantages  and  disadvantages  of  the  Stewart  Platform  as  a 
manipulator.  Recently,  parallel  mechanisms  have  been  suggested  to  be  used  as  a 
micromanipulator  (Hara  and  Sugimoto,  1989),  force-torque  and  position-orientation 
sensors  (Kerr,  1989;  Yangsheng  and  Paul,  1988),  and  for  the  purposes  of  simulating 
the  mating  of  mechanical  parts  in  space  (Premack,  etc.,  1984).  Griffis  and  Duffy 
(1990)  implemented  a parallel  mechanism  at  the  wrist  of  a robot  to  model  spatial 
stiffness  of  a compliant  coupling  for  simultaneously  regulating  force  and 
displacement.  Most  of  these  applications  require  high  speed  and  precision 
performance.  Due  to  the  fact  that  there  is  no  closed-form  forward  displacement 
analysis  for  many  parallel  mechanisms,  the  implementation  of  control  systems  is  very 
complicated.  As  a result,  there  is  limited  use  of  parallel  mechanisms  in  industry. 

In  this  study,  the  mechanism  consists  of  two  platforms  which  are  connected 
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by  six  SPS^  serial  chains  (or  legs).  The  legs  which  act  in-parallel  meet  either  singly 
or  in  a pair-wise  fashion  at  the  vertices  of  the  two  platforms.  One  of  the  platforms, 
which  is  called  the  "top  platform"  has  six  degrees-of-freedom  relative  to  the  other 
platform,  which  is  called  the  "base."  This  type  of  parallel  mechanism  is  called  the  "In- 
parallel Platform." 

The  most  important  step  in  mechanism  analysis  is  to  obtain  displacement 
solutions  for  the  links  in  the  mechanism.  The  displacement  analysis  of  a mechanism 
includes  the  reverse  analysis  (viz.,  it  requires  finding  a set  of  angular  displacements 
or  leg  lengths  with  given  position  and  orientation  of  the  end-effector)  and  the 
forward  analysis  (viz.,  with  given  angular  displacements  or  leg  lengths,  the  position 
and  orientation  of  the  end-effector  are  computed).  In  the  case  of  the  forward 
displacement  analysis  of  the  In-parallel  Platforms,  the  precise  statement  of  the 
problem  is 

Given  the  six  lengths  of  legs,  together  with  the  dimensions  of  the  top 
and  base  platforms,  what  are  all  the  possible  ways  to  assemble  the  legs, 
such  that  some  criteria  of  leg  arrangements  remain  the  same? 

Parallel  and  serial  mechanisms  have  inverse  characteristics  in  displacement 
analysis.  For  serial  mechanisms,  the  forward  displacement  analysis  is  straightforward; 
however  the  forward  analysis  for  parallel  mechanisms  is  very  complicated  and  it 

^Here  and  throughout,  the  capital  letters  R,  S,  and  P denote  respectively, 
revolute,  spherical,  and  prismatic  kinematic  pairs. 

In  an  SPS  serial  chain,  an  extra  degree-of-freedom  produced  by  the  two 
spherical  pairs  (S)  in  terms  of  rotation  about  the  axis  of  its  prismatic  pair  does  not 
affect  the  gross  motion  of  the  top  platform. 
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involves  highly  nonlinear  equations.  On  the  contrary,  the  reverse  displacement 
analysis  for  parallel  is  generally  an  easier  problem  than  for  serial  devices. 

1.2  Literature  Survey 

Much  of  the  early  research  in  the  literature  has  put  a great  deal  of  emphasis 
on  the  reverse  displacement  analysis  (Cox,  1981;  Fichter,  1986;  Mohamed,  1983; 
Weng,  1988).  Numerical  solutions  were  used  for  the  forward  displacement  analysis. 
An  earlier  NASA  paper  by  Dieudonne  et  al.  (1972)  gave  an  iterative  solution  of  the 
forward  analysis  of  the  Stewart  Platform.  Behi  (1988)  formulated  a forward 
displacement  analysis  for  a parallel  mechanism  which  was  solved  numerically. 
Reinholz  and  Gokhale  (1987)  used  the  Newton-Raphson  Method  to  obtain  an 
iterative  solution  for  the  forward  displacement  analysis  of  a Stewart  Platform. 
Recently,  Hunt  and  Primrose  (1991)  determined  the  number  of  assembly 
configurations  of  some  parallel  manipulators  by  using  methods  of  synthetic  geometry. 
Some  of  the  mechanisms  they  examined  were  very  similar  to  those  in  this  study. 

A closed-form  forward  displacement  analysis  will  provide  more  information 
about  the  geometry  and  kinematic  behavior  of  a parallel  mechanism.  This 
information  is  also  extremely  useful  in  practice  for  the  control  of  parallel 
mechanisms.  The  importance  of  obtaining  a forward  displacement  analysis  in  closed- 
form  was  discussed  in  detail  by  Griffis  and  Du^  (1989). 

As  far  as  the  author  is  aware,  the  paper  published  by  Griffis  and  Du^  in 
1989  was  the  first  correct  closed-form  forward  displacement  analysis  of  in-parallel 
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mechanism  and  specifically  the  Stewart  Platform.  This  mechanism,  which  is  called  the 
"3-3  Platform",  contained  six  legs  which  met  in  a pair-wise  fashion  at  three  points  in 
the  top  platform  and  base  (Fig.  1.1).  An  eighth  degree  polynomial  in  the  square  of 
the  tan-half-angle  that  measured  the  elevation  of  a triangular  face  in  the  mechanism 
relative  to  the  base  triangle  was  derived.  It  indicated  that  there  were  sixteen  locations 
(positions  and  orientations)  for  the  top  platform  for  a given  set  of  leg  lengths.  Their 
solution  was  easily  extended  for  the  case  where  the  legs  met  at  six  distinct  points  in 
a planar  base.  This  case  will  be  called  the  "3-6  Platform"  in  this  study.  A paper  by 
Nanua  and  Waldron  (1989)  presented  a closed-form  solution  for  the  3-6  Platform 
which  resulted  in  a 24th  degree  polynomial.  The  solutions  contained  extraneous 
roots.  Charentus  and  Renaud  (1989)  obtained  a closed-form  solution  for  a similar 
case  whose  platform  and  base  were  equilateral  triangles.  In  a later  paper,  Nanua, 
Waldron,  and  Murthy  (1990)  solved  the  3-6  Platform  with  a planar  base.  The  degree 
of  polynomial  from  their  result  was  the  same  as  that  in  Griffis  and  Duffy  (1989), 
although  the  formulation  was  much  more  complicated. 


Fig.  1.1  The  3-3  Platform 
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A case  of  the  3-6  Platform  with  a nonplanar  base  was  analyzed  by  Innocenti 
and  Parenti-Castelli  (1989).  In  their  method,  the  three  points  in  the  top  platform 
were  disconnected  so  that  each  end  of  the  leg  described  a circle  about  each  side  of 
the  base.  Then  the  closure  vector  equations  were  introduced,  from  which  a 16th 
degree  polynomial  was  obtained.  Murthy  and  Waldron  (1990)  also  investigated  the 
same  case  using  a vector  approach.  Parenti-Castelli  and  Innocenti  (1990)  analyzed 
some  other  types  of  parallel  mechanisms. 

1.3  Scope  of  Study 

The  most  general  form  of  the  In-parallel  Platform  has  its  six  legs  meet  at  six 
distinct  points  in  the  top  platform  as  well  as  the  base  (Fichter,1986).  (See  Figure  1.2.) 
Its  closed-form  displacement  analysis  is  considered  to  be  the  most  challenging  task 
in  analysis  of  the  In-parallel  Platform.  Many  highly  nonlinear  equations  can  be 
involved  and  they  are  extremely  difficult  to  solve.  There  is  no  idea  how  many 
assembly  configurations  can  be  obtained.  To  achieve  the  goal  of  solving  the  general 
case,  it  is  instructive  to  solve  some  simplified  cases,  in  which  there  are  some 
concentric  spherical  joints  in  the  top  and  base  platforms.  This  may  provide  an  insight 
into  solving  the  general  case. 

The  objective  of  this  research  is  to  obtain  the  closed-form  forward 
displacement  analysis  for  the  In-parallel  Platforms  which  contain  one,  two,  or  three 
pairs  of  concentric  and  independent  spherical  joints  in  the  top  or  base  platforms. 
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Fig.  1.2  The  6-6  Platform 

In  order  to  simplify  the  analysis,  the  top  or  base  platforms  in  some  cases  are 
assumed  to  be  planar.  According  to  Hunt  and  Primrose  (1991),  the  number  of 
assembly  configurations  obtained  from  the  analysis  is  unchanged  when  the  planar 
platforms  are  generalized  to  nonplanar  ones.  Since  the  mechanisms  are  analyzed 
from  a theoretical  standpoint,  some  practical  problems  such  as  the  limitations  on  the 
lengths  of  the  legs  and  angular  displacements  of  the  spherical  joints,  and  interference 
between  either  the  legs  themselves  or  the  top  or  base  platforms  are  ignored. 

It  should  be  noted  that  all  the  mechanisms  depicted  in  this  study  are  three- 
dimensional.  Moreover,  the  six  legs,  which  are  linear  actuators  in  practice,  are 
represented  by  line  segments  in  most  of  the  figures  for  the  purpose  of  clarity.  Also, 
in  this  study,  the  platforms  which  have  equal  or  less  numbers  of  vertices  than  the 
other  ones  are  always  considered  to  be  the  top  platforms.  This  consideration  does  not 
affect  the  results  of  the  analysis.  In  other  words,  if  the  Platforms  are  turned  up  side 
down  so  that  the  bases  become  the  top  platforms,  the  formulation  of  the  analyses  can 
still  be  applied. 


CHAPTER  2 

SOME  RELATIONS  BETWEEN  DIHEDRAL  ANGLES 

IN  SOME  POLYHEDRA 

2.1  Introduction 

In  the  forward  displacement  analysis,  it  is  necessary  to  derive  some  relations 
between  the  angles  of  a pair  of  planar  faces  of  a polyhedron  embedded  within  the 
parallel  mechanisms.  Each  of  the  mechanisms  in  this  study  has  six  legs  met  either  in 
single  or  pair-wise  fashion  at  three,  four,  five  or  six  points  in  the  top  or  base 
platforms.  These  type  of  mechanisms  can  be  analyzed  in  term  of  solid  geometry. 

The  edges  of  the  top  and  base  platforms  together  with  the  six  legs  form  a 
"wire-frame"  of  a "skew-polyhedron."  The  faces  of  this  "skew-polyhedron"  consist  of 
"triangles,"  "skew-quadrilaterals,"  and  "skew-polygons."  A "triangle"  is  formed  by  two 
adjacent  legs  and  one  edge  either  from  the  top  or  base  platform,  and  a "skew- 
quadrilateral"  by  two  adjacent  legs,  an  edge  from  the  top,  and  an  edge  from  the  base. 
It  is  called  a "skew-quadrilateral"  because,  in  general,  it  does  not  lie  in  a plane.  A 
"skew-polygon"  represents  either  the  top  or  base  platform  of  a mechanism.  A "3-3 
Platform"  has  a total  of  eight  triangles.  In  terms  of  solid  geometry,  this  structure  is 
an  octahedron.  For  In-parallel  Platforms  which  have  a singly  connected  leg  in  the 
platforms,  some  of  the  faces  of  the  polyhedra  become  skew-quadrilaterals.  This  kind 
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of  polyhedra  will  be  called  "skew-octahedra." 

Most  of  the  skew-octahedra  of  the  mechanisms  in  this  study  can  be  subdivided 
into  some  basic  "structures."  The  most  common  structure  is  a skew-polyhedron  which 
has  a skew-quadrilateral  base  and  four  triangles  which  have  a common  vertex.  (See 
Fig.  2.1.)  This  structure  is  called  the  "skew-quadrangular  pyramid."  Section  2.1 
presents  a relation  between  two  dihedral  angles^  about  a common  face  in  the  skew- 
quadrangular  pyramid.  Another  structure  which  is  quite  common  in  the  skew- 
octahedron  is  a kind  of  skew-hexahedron  shown  in  Fig.  2.2.  It  is  formed  by  four 
triangles  T^,  T2,  Tj,  and  T4  which  join  serially  at  their  edges,  and  two  skew- 
quadrilaterals  which  join  along  a common  edge  piPj.  A relationship  among  the  three 
dihedral  angles  formed  by  the  four  triangles  is  derived  in  Section  2.3.  Section  2.4 
presents  some  other  fundamental  relations  between  some  angles  which  will  see 
applications  in  later  chapters. 


Fig.  2.1  A Skew-Quadrangular  Pyramid 


Two  nonparallel  planes  passing  across  each  other  have  four  distinct  angles 
between  them.  Any  one  of  these  angles  is  called  a dihedral  angle. 
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Fig.  2.2  A Skew-Hexahedron 


2.2  Relation  between  Two  Dihedral  Angles 
in  a Skew-Quadrangular  Pyramid 

Two  dihedral  angles,  and  64,  in  a quadrangular  pyramid  are  designated  in 
Fig.  2.3.  The  dihedral  angle  is  between  triangles  Acob  and  Aboa,  and  64  between 
triangles  Adoa  and  Aboa.  A relation  between  these  two  dihedral  angles  can  be  most 
easily  derived  by  using  a model  of  a spherical  mechanism. 


Fig.  2.3  A Skew-Quadrangular  Pyramid  with 
a Unit  Sphere  Located  at  Vertex  o 
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At  vertex  o,  a unit  sphere  is  cut  in  four  arcs  of  great  circles  by  the  four 
triangles.  These  four  arcs  of  great  circles  form  a spherical  quadrilateral.  In  terms  of 
mechanisms,  it  can  be  represented  by  a skeletal  model  of  a 4R  spherical  mechanism 
with  mobility  one  (Duffy,  1980). 

A single,  generalized  spherical  four-bar  linkage  is  illustrated  in  Fig.  2.4.  The 
four  links,  the  output,  coupler,  input,  and  grounded  links  are  represented, 
respectively,  by  angles  aj2,  0C23,  034,  and  The  input  angle  is  denoted  by  64,  and  the 
output  angle  by  Oj.  The  relationship  between  these  two  angles  is  dependent  on  the 
four  link  angles,  and  this  relationship  is 


(Sj2C4jS34)C4Cj  + (Sj2S4jC34)Cj  + (84x834032)04  (8x2834)84Sx 


^23  CX2C4XC34  — 0. 


(2.1) 


Here  and  throughout  this  study,  the  abbreviations  Sy  = sinay,  Cy  = cosay,  Sj  = sinOj, 
and  Cj  = cosOj,  are  used. 

The  derivation  of  this  relationship  can  be  found  in  Duffy,  1980. 


Fig.  2.4  The  Generalized  Spherical  Four-Bar  Mechanism 


Introducing  the  tan-half-angle  relationships  for  64  and  gives 
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1 - r 


Ci  = 


1 + r' 


and  Si  = 


2Tj  0. 

, where  Ti  = tan( — ) 

1 + T ^2 


for  i = 1 and  4. 


Substituting  Cj  and  Sj  into  (2.1)  yields 

At^tI  + Bt\  + CT4  + DtiT^  + E = 0, 
where  the  five  coefficients  for  the  input-output  relation  are 


A Sj2C4jS34  Sj2S4jC34  S4jS34Cj2  + C23  C12C41C 


(2.2) 


345 


B Sj2C4jS34  S12S41C34  + S41S34C12  + C23  Cj2C4jC 


34> 


C ^12^41^34  ^12^41^34  ^41^34^12  ^2i  ^12^41^ 


34> 


D = - 4S12S34, 


E Sj2C4xS34  + Sj2S4jC34  + S4jS34Ci2  + C23  Cj2C4iC34. 


To  determine  the  link  angles,  aj2,  0:23,  0:34,  and  a4i,  it  is  necessary  to  obtain  the 
cosines  and  sines  of  these  angles.  The  cosines  of  the  link  angles  are  obtained  through 
the  cosine  law  for  an  interior  angle  of  a planar  triangle.  For  example,  C34  is  calculated 
in  terms  of  the  lengths  of  the  triangle  Aaod  using  the  cosine  law.  In  order  to 
determine  the  sines  of  the  link  angles,  proper  signs  must  be  chosen.  The  signs  of  the 
sines  of  the  grounded  link  are  known,  since  the  locations  of  the  points  a,  o,  and 
b are  known.  For  the  coupler  link  «23,  it  can  be  seen  that  the  relationship  (Equation 
2.1)  is  independent  of  the  sine  of  this  angle,  therefore  it  is  not  necessary  to  consider 
the  signs  of  the  sines  of  the  coupler  link.  Finally,  the  signs  of  the  sines  of  the  pairs 
of  input  and  output  links  are  not  known.  According  to  Gilmartin  and  Duffy  (1972), 
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this  does  not  give  any  problem  for  a single  four-bar  spherical  mechanism.  For  the 
sake  of  consistency,  when  the  signs  of  the  sines  of  the  link  angles  are  unknown,  they 
are  simply  given  as  positive. 

2.3  Relations  among  Three  Dihedral  Angles  in  a Skew-Hexahedron 

Figure  2.5  shows  three  dihedral  angles  which  are  designated  in  a skew- 
hexahedron.  The  dihedral  angles  Bj,  63,  64  are,  respectively,  angles  between  triangles 
Ap2ab  and  Acab,  Acab  and  Acbd,  Acbd  and  Ap^cd.  To  obtain  a relation  among  these 
three  dihedral  angles,  the  skew-hexahedron  is  modeled  by  a kinematic  chain  as 
illustrated  in  Fig.  2.6. 


Fig.  2.5  A Skew-Hexahedron 

The  kinematic  chain  consists  of  three  serially  connected  revolute  joints  whose 
axes  are  defined  by  unit  vectors  S3,  and  S4  and  whose  offsets  are  denoted  by  S22, 
S33,  and  S44.  The  vectors  S^Si  and  SjjSs  represent,  respectively,  the  first  and  last  links 
in  the  open  serial  chain.  The  twist  angles,  viz.  ay,  (ij  = 12,  23,  34,  and  45)  are 
measured  by  a right-handed  rotation  of  Sj  into  Sj  about  These  twist  angles  are 
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constants.  The  relative  angular  joint  displacements  0j  are  measured  by  a right-handed 
rotation  of  ay  into  about  Sj.  Now,  a vector  is  introduced  to  close  the  open 
serial  chain.  A vector  loop  equation  for  the  closed  loop  chain  can  be  expressed  as 
follows, 


S22S2  + S33S3  + 844^  + 855^  — 


Taking  self-scalar  products  for  both  sides  of  (2.3)  yields 


+ 833S3  • (844S4  + 83585) 

+ 844S4  • 833S3  = 0, 

where  k = (831  + 83^  + 83I  + 84^  + 855^  - £^)/2. 


Fig.  2.6  A Model  for  the  8erially  Connected  Triangles 
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Expressions  for  the  scalar  products  in  (2.4)  can  be  obtained  from  direction  cosines 
Table  2.13  in  Duffy  (1980),  and  the  equation  can  be  expressed  in  the  following  form: 


K + SjjS22Cj2  + S11S33Z2  + S3JS44Z32  + SUS55Z432  + S22S33C23 


+ S22S44Z3  + S22S55Z43  + S33S44C34  + S33S55Z4  + S44S55C45  — 0, 


(2.5) 


where  the  expanded  forms  of  the  direction  cosines  Z with  one  or  more  subscripts  can 
be  found  in  Du^  (1980).  This  notation  results  in  expressions  that  are  linear  in  the 
sines  and  cosines  of  joint  angles. 

The  sines  and  cosines  of  the  joint  angles  in  (2.5)  can  be  expressed  in  terms 
of  the  tan-half-angles  where  x = tan(03/2),  and  y = tan(04/2).  Introducing  these  tan- 
half-angles  and  re-grouping  terms,  (2.5)  is  expressed  as 


(fljX^  + b{K  + Ci)f  + (dp^  + gjX  + /i)y  + gp^  + hpi  + j\  = 0,  (2.6) 


where 


~ ^iO  ^ ^i2>  ~ ^il  ^2>  “ ^iO  ^ 

“ ^il  “ ^iO  ^2  "*■  ^i2>  fi  ~ fil 

“ ^io  ^ 8ay  ~ *2>  ji  ~ ^ ■*"  /a* 

Further,  the  expressions  of  the  coefficients  a^o,  a^,  ba,  Cjo, ...,  ja  of  C2  and  S2  are  listed 

in  Table  2.1.  The  subscript  i will  see  its  usage  in  later  chapters. 

Equation  2.6  contains  all  the  cosines  and  sines  of  the  twist  angles  ay  (ij  = 12, 
23,  34,  and  45).  The  cosines  of  the  twist  angles  are  obtained  by  using  the  cosine  law 
for  an  angle  of  a planar  triangle  in  the  skew-hexahedron.  The  twist  angles  in  the 
serial  chain  are  defined  as  the  exterior  angles  of  the  triangle.  For  example,  ai2  is  the 
supplementary  angle  with  Zp2ab  in  the  triangle  Ap2ab.  The  sines  of  the  twist  angles 
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are  obtained  from  the  cosines  of  the  angles.  All  the  signs  of  the  sines  are  taken  as 
positive.  This  does  not  give  any  problem  in  determining  the  relationship  of  the  joint 
angles  in  the  analysis. 

2.4  Some  Relations  between  Some  Angles 

The  Relationship  Between  Two  Opposite  Angles  in  a Skew-Quadrilateral. 
The  skew-quadrilateral  shown  in  Fig.  2.7  is  formed  by  two  triangles  Aacb  and  Aacd. 
Applying  the  cosine  law  for  the  two  planar  triangles  gives, 
ca^  = ad^  + dc^  - 2 ad  dc  coso>2, 
ca^  = ab^  + bc^  - 2 ab  be  cosoj. 

Combining  the  above  two  equations,  the  following  relationship  between  Wj  and  Oj  can 
be  obtained: 

cos<Oj  = Ki  + K2COSW2,  (2.7) 

where 

ab^  + bc^  - ad^  - dc^  ad  dc 

Ki  = and  K2  = 

2 ab  be  ab  be. 


Fig.  2.7  A Skew-Quadrilateral 
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Cosine  Law  for  the  Spherical  Triangle.  Figure  2.8  shows  a unit  sphere  center 
at  vertex  o of  a tetrahedron.  This  sphere  is  cut  in  three  great  circles  by  three  planes. 
The  three  arcs  of  the  circles  form  a spherical  triangle.  The  lengths  of  the  arcs  are 
denoted  by  central  angles  Uj,  6^,  and  Sj.  The  cosine  law  gives  the  relationship 
between  and  the  dihedral  angle  0.  (See  Duffy,  1980.)  This  relationship  is 

cosuj  = Kj  + K4COS0,  (2.8) 

where 

Kj  = COSSqCOS^i, 

K4  = - sin5oSin6i. 


Fig.  2.8  A Spherical  Triangle  Formed  by  Three 

Arcs  of  Great  Circles 

Table  2.1  Coefficients  of  the  Serial  Chain  Model 
fljQ  — A.  + fi  + C + D+  £ + F <?j2  = G + //  + / + / + ^ + Z/  + M + N 

b,r=P  + Q 

c^=A-B  + C-D-E  + F Cq  = G-  H + I + J-K  + L-  M + N 

dll  — R Cjo  — U 6q  — V 


= - R 
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^io  — A + B + C + D— E— F 


ga  = G + H + I + J + K + L-  M-N 


hn=P-Q 


]),=A-B  + C-  D + E-  F 


ja  = G-  H + I + J-  K + L+  M-  N 


A — S12S23S11S33  C34SJ2S23S11S 


44 


D — C23C45S12S34S11S 


55 


B — C23S12S34S11S44 


E — C23C34S12S45S11S 


55 


C — C34C45S12S23S11S55 


E — S12S23S34S45S11S55 


G — k + C|2SjjS22  ^12^238^833  + C23822833  + C12C23C34811844  + ^23^34^22^44  ^34^338, 


44 


H — C12S23S34811844  + S23S34822844 


I ””  ^12^^34^45^11^55  ^^34^45^22^: 


55 


J C^C/ic8‘ao8 


34M5'-'33'-'55 


K — C12C45S23S34811855  + C45S23S34822855 


E C/ic8/m8 


45w^44»^55 


M — ^12^34^45^11855  ^34^23^45^22^55 


N — C12C23S34S45811855  + C23S34S45822855  + S34S458338 


'55 


P — 2S12S34811844  + 2C45S12S34811855 


Q 2^34^12^45^11^: 


55 


R = - 2SioS^.;8ii8 


12'^45*-'ll'^55 


U — 4C23S12S458118 


55 


E 4C12S23S45811855  4“  4S'>'»S/i^8oo8 


23‘^45'-'22'-'55 


CHAPTERS 

THE  ANALYSES  OF  THE  4-4  PLATFORMS 

3.1  Introduction 

Most  of  the  parallel  mechanisms  proposed  by  researchers  (Behi,  1988; 
Charentus  and  Renaud,  1989;  Fichter,  1986;  Griffis  and  Duffy,  1989;  Innocenti  and 
Parenti-Castelli,  1989;  Parenti-Castelli  and  Innocenti,  1990;  Murthy  and  Waldron, 
1990)  have  a general  feature  that  the  top  platform  is  always  connected  by  three  pairs 
of  concentric  spherical  joints  at  three  points.  Whilst  this  type  of  parallel  mechanism 
arrangement  is  the  easiest  to  analyze,  it  is  far  simpler  geometrically  than  a more 
general  arrangement  where  sk  legs  connected  at  sk  distinct  points  in  both  the  top 
and  base  platforms  (Fichter,  1986,  also  see  Fig.  1.2). 

As  mentioned  in  Griffis  and  Duffy  (1989)  on  the  3-3  Platform,  pairs  of 
concentric  spherical  joints  may  cause  design  problems.  It  is  most  important  to 
eliminate,  as  far  as  possible,  the  use  of  concentric  spherical  joints.  In  this  respect,  this 
chapter  (Lin,  Griffis,  and  Duffy,  1990)  presents  another  class  of  In-parallel  Platforms, 
in  which  the  number  of  connection  points  of  the  sk  legs  in  the  top  and  base 
platforms  is  four.  The  resulting  In-parallel  Platform  arrangement  is  called  the  "4-4 
Platform." 

The  top  platform  of  the  4-4  Platform  is  supported  by  sk  SPS  serial  chains 
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(legs)  that  act  in-parallel.  The  ends  of  the  six  legs  in  the  base  are  coplanar,  and  the 
ends  of  the  six  legs  where  they  join  the  platform  are  also  coplanar.  An  example  of 
the  mechanism  is  illustrated  in  Fig.  3.1.  The  platforms  and  bases  of  the  4-4  Platforms 
in  this  study  are  quadrilaterals  whose  sides  are  not  parallel.  No  more  than  two  legs 
can  meet  at  one  point.  In  term  of  geometry,  the  4-4  Platforms  can  be  classified  into 
three  cases  according  to  the  arrangements  of  the  "triangles"  and  "skew-quadrilaterals," 
which  are  seen  in  top  views.  Fig.  3.2  illustrates  the  top  views  of  the  three  main  cases. 
The  letter  "T'  represents  a triangle  formed  by  two  adjacent  legs  and  one  edge  either 
from  the  top  or  base  platform.  The  letter  "Q"  represents  a skew-quadrilateral  formed 
by  two  adjacent  legs,  an  edge  from  the  top,  and  an  edge  from  the  base.  Each  case 
has  a different  sequence  of  the  Ts  and  Q’s  around  the  top  platform.  For  Cases  4-4- 
A,  4-4-B,  and  4-4-C,  the  leg  arrangements  are,  respectively,  represented  by  T-T-Q-T- 
T-Q,  T-T-T-Q-T-Q,  and  T-T-T-T-Q-Q.  Case  4-4-A  has  two  variations  of  T-T-Q-T-T- 
Q sequences  as  shown  in  Figs.  3.2(a)  and  3.2(b). 


Fig.  3.1  Case  4-4-C  Platform 


(a)  Case  4-4-Aa 


(b)  Case  4-4-Ab 


(c)  Case  4-4-B  (d)  Case  4-4-C 

Fig.  3.2  The  Four  Cases  of  4-4  Platforms  (Top  Views) 


3.2  Formulation  of  the  Forward  Analyses 

The  procedure  to  obtain  the  forward  displacement  analysis  for  all  the  four 
cases  of  the  4-4  Platforms  is  the  same:  it  is  necessary  to  obtain  three  simultaneous 
equations  which  contain  three  tan-half-angles.  Then,  an  eliminant  for  these  equations 
is  derived.  The  derivations  of  the  three  equations  for  each  case  of  the  4-4  Platforms 
are  performed  separately. 

3.2.1  Case  4-4- A.  a T-T-O-T-T-O  Platform 

There  are  two  variations  of  leg  arrangements  for  Case  4-4-A  as  shown  in  Figs. 
3.2(a)  and  3.2(b).  The  formulations  for  Cases  4-4-Aa  and  4-4-Ab  are  quite  similar  as 
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both  of  them  can  be  modeled  by  3-3  Platforms  by  constructions.  Griffis  and  Du^ 
(1989)  used  constructions  to  model  a 6-3  Platform  by  a 3-3  Platform.  It  should  be 
noted  that  for  both  Cases  4-4-Aa  and  4-4-Ab,  the  sides  ad^  and  be  of  the  top 
platform  are  not  parallel  and  the  sides  AD  and  BC  of  the  base  are  not  parallel. 

Case  4-4-Aa  can  be  modeled  by  an  equivalent  3-3  Platform  by  extending  the 
sides  of  the  quadrilateral  base  AD  and  CB  and  the  sides  of  the  top  platform  ad  and 
be  as  shown  in  Fig.  3.3.  Knowing  the  lengths  of  these  extension  lines,  the  four 
"virtual"  connecting  leg  lengths  (Ec,  Ed,  Ae,  and  Be)  can  be  uniquely  determined. 
Thus  a "virtual"  3-3  Platform  with  the  triangular  top  platform  (d,  c,  and  e)  and  the 
triangular  base  (A,  B,  and  E)  is  created.  The  dihedral  angles  Oj,  02,  and  0j  measure, 
respectively,  the  elevations  of  the  triangles  AABe,  ABCc,  and  ADAd  relative  to  the 
base  ABCD.  The  solution  of  the  forward  analysis  problem  for  the  3-3  Platform  is 
presented  by  Griffis  and  Duffy  (1989)  and  will  not  be  repeated  here. 


Fig.  3.3  A "Virtual"  3-3  Platform  of  Case  4-4-Aa 


^Here  and  throughout,  the  pair  of  letters,  XY,  (where  X or  Y can  be  A,  ...,  G,  a, ..., 
or  e)  denotes  either  a leg,  leg  length,  or  an  edge  length  of  the  top  or  base  platform. 
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For  Case  4-4-Ab,  the  sides  of  the  base  are  extended  to  meet  at  point  E as 
shown  in  Fig.  3.4(a).  Then  the  lengths  of  the  "virtual"  legs  Ed  and  Eb,  which  connect 
to  the  top  platform  at  vertices  d and  b,  can  be  uniquely  calculated.  Specifically,  the 
leg  Eb  is  determined  from  the  angle  ZCBb,  the  new  side  length  of  the  base  EB,  and 
the  leg  length  Bb  by  using  cosine  law  of  a planar  triangle.  As  a result,  it  can  be 
considered  that  the  "virtual"  leg  Eb  replaces  the  leg  bB  which  becomes  redundant. 
Therefore,  the  triangle  with  vertices  A,  C,  and  E forms  the  base  of  an  equivalent  3-3 
mechanism  as  shown  in  Fig.  3.4(b).  Again,  the  sides  of  the  top  platform  are  extended 
to  form  a triangular  face.  Thus,  a "virtual"  3-3  Platform  with  the  top  platform  having 
the  vertices  e,  b,  and  d and  the  base  A,  C,  and  E is  created.  The  dihedral  angles 
02,  and  03  are,  respectively,  defined  as  the  angles  between  the  base  and  the  triangular 
faces  AEAd,  AACe,  and  ACEb. 


B 


Fig.  3.4(a)  Case  4-4-Ab  with  a "Virtual"  Triangular  Base 
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Fig.  3.4(b)  A "Virtual"  3-3  Platform  of  Case  4-4-Ab 

The  dihedral  angles  [Oj,  02,  and  63  in  Figs.  3.3  and  3.4(b)]  in  the  form  of  tan- 
half-angles  are  the  three  variables  in  three  quadratic  equations.  From  these 
equations,  the  polynomial  in  one  of  the  tan-half-angles  can  be  derived,  and  the 
locations  of  the  vertices  a,  b,  c,  and  d can  then  be  determined. 

3.2.2  Case  4-4-B.  a T-T-T-O-T-Q  Platform 

The  three  variables  defined  for  computing  the  position  and  orientation  of  the 
top  platform  relative  to  the  base  platform  are  the  dihedral  angles  02,  03,  and  04  as 
shown  in  Fig.  3.7.  The  dihedral  angle  02  measures  the  elevation  of  the  triangular  face 
AABa  relative  to  the  base,  03  measures  AABa  relative  to  AaBb,  and  04  measures 
AaBb  relative  to  the  top  platform. 
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c 


Fig.  3.5  Case  4-4-B  Platform 

The  top  platform  is  coimected  to  the  base  by  two  triangles  in  serial  fashion 
at  the  edges  of  the  three  dihedral  angles.  A relationship  between  these  three  angles 
can  be  obtained  by  introducing  a skew-hexahedron  as  illustrated  in  Fig.  2.2.  The 
skew-hexahedron  consists  of  four  triangles  denoted  by  Tj,  T2,  Tj,  and  T4,  and  two 
skew  quadrilaterals.  There  are  two  skew-hexahedra  exist  in  the  skew-octahedron  of 
the  Case  4-4-B  mechanism  and  they  share  the  three  triangles,  T^,  Tj,  and  T3,  which 
are  defined,  respectively,  by  ADAB,  AABa,  and  AaBb  (see  Fig.  3.5).  The  triangle  T4 
represents  a triangle  in  the  top  platform.  In  one  of  the  skew-hexahedra,  T4  is  defined 
by  Adab,  and  in  other  by  Acab. 

Two  of  the  necessary  three  equations  contain  the  three  dihedral  angles  62,  63, 
and  04  and  the  third  one  contains  62  and  63  only.  All  three  equations  are  obtained 
by  using  a serial  chain  which  models  the  skew-hexahedra  and  the  derivation  of  the 
equations  is  presented  in  Section  2.3.  Equation  2.5  which  resulted  from  a vector  loop 
equation  for  the  closed  loop  chain  is  again  expressed  as  in  the  form 
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+ SiiS22Ci2  + S11S33Z2  + S11S44Z32  + SiiS55^Z432^ 

+ S22S33C23  + S22S44Z3  + S22S55^Z43^  4*  S33S44C34 

+ S„Si“Z»  + S„S  ®c  ® = 0, 


where 


k®  . (S,i  + SJ  + si  + SJ  + S w - «,‘)/2. 

The  first  two  equations  (i  = 1 and  2)  respectively  for  legs  €n  ~ 
= Dc  (see  Fig.  3.5)  are  expressed  as 

+ D^‘>  = 0, 

where  the  coefficients  >123,  ^23»  ^re  presented  in  Table  3.1. 


Table  3.1  Coefficients  23,  fi23>  in  (3.2) 


^23  Pl^3  9/^3  + Fj  ^23  ~ (^/^3  ^13  ""  P2^3  Q 


Pi  - Pll^l  Pl2 


Ql  ~ 


n = rjjC2  + r 


12 


Pll  “ ^34^23^12^11 


Pl2  ^34^23(^12^11  + S22) 


Qll  ~~  ^34^12^11 


r 22  — SxiSi‘?S')'^S 


34‘^12'323'-^11 


12 


^34(  ^12^3^11  ^23^22 


P^2^  ” P21^^2  P22 


(i) 


42  = (lihi 


Ji)  ^ r(‘>c  4- 
'2  '21  ^2  ^ '22 


Pn  “■  ^34(045^855^  4-  S^)p2i/Cy^ 


Pn  ““  ^34(C45^S55^  4"  ^^Pn/^y\ 


^21^  “ Si2S34Sii(C45*^S55^  4-  S44) 


r (0  - 

'21 


^12^23511^; 


(0 


^12^11(^2/^/'^  ^22)  ^23822^^;^  4-  C34833(C45^855^  4-  844)  4-  €45^844855^ 


mf  = C3.W’S,S>  + S„)  + S 


33 


(3.1) 

Dd  and  £22 

(3.2) 

(i)f.  + Ji) 

2^3  ^ '2 

S33) 

I 

+ k<‘> 
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For  i = 1, 

85^^^  = bd,  84^^^  = sin(Zdba),  and  €4^^^  = - cos(Zdba). 

For  i = 2, 

85^^^  = be,  84^^^  = 8in(Zcba),  and  = - cos(Zcba). 

The  third  equation  i8  derived  from  (3.1)  with  = 0,  = Cb,  and  8u  = CA. 

It  contairi8  the  dihedral  angle8  Oj  and  63  only  and  can  be  expre8sed  in  the  form 

P3  Cj  + ^5  S3  + rj  = 0,  (3.3) 

where 

Ps  ~ P31  ^2  Ps2y  Qj  “ ^31  ^2  ■*"  ^32* 


Further, 


P31  C23S12S34S11S 


44> 


Q3I  ""  S12S34S11S 


44> 


PS2  ~ S23834844(Cj28ii  + 832), 

fjj  — — 8j2S238uW^ 


^32  ^12^11(^23^2  ^22)  ^^23822^2  + 034833844  + 


An,  — C34844  *t“  8„. 
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The  two  equatioii8  in  (3.2)  together  with  (3.3)  are  the  three  equations  that  are 
used  to  obtain  a polynomial  in  tan-half-angle  x = tan(02/2)  by  an  elimination  process 
detailed  in  8ection  3.5.  The  degree  of  the  polynomial  obtained  for  this  case  is  four 
in  which  yields  eight  values  of  02.  Linear  elimination  of  04  from  the  two  equations 
in  (3.2)  yields  an  equation  that  together  with  (3.3)  provides  the  two  relations 
necessary  to  obtain  one  ©3  for  each  ©3.  Finally,  by  using  either  equation  in  (3.2),  each 
pair  of  ©2  and  ©3  yields  two  values  of  ©4  which  results  in  16  solution  sets  of  the  angles 


©2,  ©3,  and  ©4. 
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3.2,3  Case  4-4-C.  a T-T-T-T-O-O  Platform 

Figure  3.2(d)  shows  a Case  4-4-C  Platform.  The  top  platform  has  vertices  a, 
b,  c,  d,  and  the  base  has  vertices  A,  B,  C,  D.  The  dihedral  angle  6i  is  defined  as  the 
angle  between  the  triangles  ACcB  and  ACcd,  02  between  AcBC  and  AcBb,  and  63 
between  ACcB  and  the  base.  (See  Fig.  3.6.) 


Fig.  3.6  Case  4-4-C  Platform 
with  a "Virtual"  Triangular  Platform 


The  formulations  for  the  first  two  equations  are  the  same.  The  vertices  c and 
C respectively  in  the  top  and  base  platforms  are  considered  to  be  the  centers  of  two 
concentric  spherical  joints  which  are  modeled  by  four-bar  linkages.  By  an  exchange 
of  variables,  (2.2)  can  be  used  to  obtain  the  input-output  equations  for  the  two 
spherical  four-bar  at  vertices  c and  C.  These  equations  are  expressed  in  the  form 
^3ixy  + B3iX^  + C31/  + D3iXy  + E31  = 0,  (3.4) 

+ ^32^  + C32X^  + D32ZX  + £^32  = 0.  (3.5) 

Here,  the  five  coefficients  ^133,  ...,  replace  A,  ...,  E of  (2.2)  where  the  link  angles 
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tti2,  are  given  by  ZCcd,  Zdcb,  ZbcB,  ZBcC.  Also,  the  relations  x = tan(0i/2) 
and  y = tan(02/2)  replace  and  Similarly  for  (2.10),  the  five  coefficients  ^4 32, ..., 
£32  replace  y4, ...,  E of  (2.2),  where  ...,  a4i  are  given  by  ZBCD,  ZDCd,  ZdCc,  ZBCc 
and  z = tan(03/2)  and  x replace  and  T4.  To  adequately  determine  the  link  angles 
from  the  edge  lengths,  the  signs  of  the  sines  of  these  angles  must  be  consistent.  In 
the  formulation,  the  signs  of  the  sines  of  all  the  link  angles  a^,  ... , a4i  are  taken  as 
positive. 

While  the  first  two  equations  are  in  the  same  form  as  that  in  the  other  two 
cases,  the  third  equation  contains  all  three  variables  x,  y,  and  z.  Its  derivation  is  more 
complicated.  A construction  is  used  on  the  Case  4-4-C  Platform  to  obtain  the 
relationship  between  the  dihedral  angles  02  and  03  and  the  third  dihedral  angle  03. 
Figure  3.6  shows  the  extension  lines  ae,  be  in  the  top  platform  and  the  "virtual"  leg 
Be  added  to  the  Case  4-4-C  Platform.  The  lengths  of  the  extension  lines  can  be 
determined  by  using  the  cosine  law  for  a planar  triangle. 

Vertex  B is  now  considered  to  be  the  location  of  a spherical  four-bar  linkage. 
(See  Section  2.2.)  Instead  of  the  leg  Bb  being  one  of  the  axes  of  the  four-bar  linkage, 
the  "virtual"  leg  Be  is  used  so  that  the  following  equation  can  be  used: 

Z23  = costi>i.  (3.6) 

Equation  (3.6)  results  in  the  form  of  (2.1).  The  link  angles  ai2,  a34,  and  a43  in  (2.1) 
are  replaced,  respectively,  by  /Sq,  and  P3,  and  o>i  replaces  a23.  The  input  and 

output  angles  are  03  and  02. 

Applying  (2.7)  to  the  skew-quadrilateral  AaeB,  the  following  relation  between 
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and  (a>2  can  be  obtained: 


costOi  = Ki  + 


(3.7) 


where 


eB^  + AB^  - aA^  - ae^ 

K,  = and 

2 eB  AB 


^2  = 


aA  ae 
eB  AB. 


Similarly,  the  relationship  between  Uj  and  U2  in  th®  skew-quadrilateral  DdaA  is  given 
by 


cosut  = K-,  K.  cosu 


i> 


(3.8) 


where 


= 


ad^  + aA^  - dD^  - DA" 
2 ad  aA 


and 


K,  = 


dD  DA 
ad  aA. 


Since  U2  and  02  are  supplementary, 


COSU2  = - coso)2. 


(3.9) 


Combining  (3.7),  (3.8),  and  (3.9)  gives 


cos«i  = ~ KJC^cosv^. 


(3.10) 


The  vertex  at  D is  connected  by  a single  leg.  The  spherical  trigonometric 
cosine  law  (2.8)  can  then  be  applied  to  obtain  the  following  relationship  between 
and  0: 


cosui  = + i^gcos0. 


(3.11) 


where 


= coS(SiCos5 


o> 


= - sin5iSin5o. 


The  dihedral  angle  0 measures  the  elevation  of  the  triangle  ACDd  relative  to  the 


31 


base  platform. 

For  the  spherical  four-bar  linkage  at  vertex  C,  there  is  a relationship  between 
COS0  and  cosOj  and  it  is  given  by 

COS0  = Kt  + /CgCosOi,  (3.12) 

where 

cosYiCOSYo  - COSY2COSY3  sinY2sinY3 

K^  = ; ; and  = 

sinYiSinYo  sinYiSinYo- 

Equation  (3.12)  is  derived  from  the  sine,  sine-cosine,  and  cosine  laws  for  a spherical 

quadrilateral  (Duffy,  1980). 

Combining  (3.6),  (3.10),  (3.11),  and  (3.12),  the  equation  which  contains  Oj,  63, 
and  01  is  obtained  in  the  form 

Z23  ~ $6  (3.13) 

where 

= K,-  KJC,  - KJCJC,  - KJCJCJC,, 

$2=  K^IQKg. 

By  introducing  the  tan-half-angles  for  62  and  63  and  re-grouping,  (3.13)  can 
be  expressed  in  the  form 

y^z^(^33x"  + C33)  + + F33)  + + G33) 

+ yz(H33^  + 733)  + E33x^  + /33  = 0,  (3.14) 

where 

^33  = - 5,  + {5  - ?.  + 


B33  = - 5;  + ?,  + 5,  - 5.  + 5„ 
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^33  ~ “ ^2  “ ^3  ^5  “ ^6  “ 

^33  ~ “^1  ■*■  $2  “ ^3  ■*■  ^5  “ ^6  $75 

■^33  ~ $1  ■*■  $2  "*"  $3  "*"  $5  ~ $6  $75 

^33  ~ “$1  “ $2  ■*■  $3  ■*■  $5  “ $6  “ $75 
G33  = -$1  + $2  - $3  + $5  - $6  - $75 
^33  ~ ^33  ~ 4^4, 

/33  “ $1  ■*■  $2  ■*■  $3  $5  “ $6  “ $7* 

Further, 

= sin(i8i+)02)cos/33sin)3o, 

$2  = sin(j0i+j02)sini93COs/So, 

$3  = sin)03siniSoCOs(j8i+/02), 

$4  = - sin()8i+)32)siniSo, 

$5  = - COS(j0i+/32)cOS/S3COS)0o. 

Equations  (3.4),  (3.5),  and  (3.14)  are  the  three  simultaneous  equations  which 
are  used  to  derive  the  polynomial  in  the  tan-half-angle  x. 

3.3  The  Eliminants  of  the  Equation  Sets 

The  eliminants  of  the  equation  sets  can  be  expressed  in  the  form  of 
polynomials  equations  in  one  variable.  To  obtain  the  eliminants,  it  is  necessary  to 
eliminate  two  unwanted  variables  in  the  equation  sets.  The  elimination  process  for 
each  case  is  described  below. 
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3.3.1  Cases  4-4-A  and  4-4-C 

The  formulation  of  the  forward  analyses  for  each  of  Cases  4-4-A  and  4-4-C 
generates  three  equations  in  the  following  forms: 

+ C{f  + Dixy  + ^1  = 0,  (3.15) 

A2zh^  + 82^  + + DjZX  + £2  = 0,  (3.16) 

+ 8-^  + + -Osyz  + — 0.  (3.17) 

Note  that  for  Case  4-4-C,  the  coefficients  Ay,  ...,  in  the  third  equation  are 
quadratic  in  x.  It  is  necessary  to  eliminate  y and  z from  these  equations  to  obtain  a 
polynomial  equation  in  x for  each  case.  The  procedure  for  the  elimination  is  the 
same  as  that  developed  by  Griffis  and  Duffy  (1989).  The  eliminant  is  expressed  as 
A = - 4/3^pip2,  (3.18) 

where 

a = ~ + 2A^C^^c^c^2  ~ - 7AjE^^a^^C2 

- 2JS‘^C^yU‘fi^C2  + AB’^C'^^i})2  “ ^^3^3^  1^2 

— AC^2f^J)2  ~ ~ 2^3^3^1^2^1^2  ~ ^^^1^2^  1^2 

- ^^1^2  “ “ C^lC2  “ 

p — AA.>^jD^2  ^3^3^1^2  ” AB>^C'^^2  ~ ” ^^^1^29 

Pi  = b\-  UiCi, 

P2  “ ^2  ” ^2^2* 


Further, 
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fli  = A]P^  + Cl,  bi  = O.SDiX,  Cl  = Bi^  + £'i, 

fl2  = ^2^  + -Bj,  62  “ 0.5i)2X,  C2  = C2X^  + E2. 

The  expression  A = 0 results  in  a polynomial  equation  in  x which  is  16th  degree  for 
Case  4-4-A  and  24th  degree  for  Case  4-4-C.  When  A vanishes,  (3.15),  (3.16),  and 
(3.17)  have  simultaneous  solutions  in  the  variables  x,  y,  and  z. 

3.3.2  Case  4-4-B 

The  vanishing  of  the  eliminant  for  Case  4-4-B  results  in  an  eighth  degree 
polynomial  equation  in  x.  The  procedure  for  obtaining  this  equation  begins  by 
equating  (A23  C4  + B23  S4)  in  (3.2)  for  i = 1 and  2,  which  yields  the  following 
expression  independent  of  64: 

pp  C3  + qq  S3  + rr  = 0,  (3.19) 

where 

PP  = P2^/(^55\5^)  - P?V(Ssf §4^ ), 
qq  = ^^^V(S55'^S4^‘^)  - 

rr  = 

Expanding  Sj  and  C3  in  the  tan-half-angle  y = tan(03/2),  (3.3)  and  (3.19)  can  be 
expressed  in  the  form 

+ /j  y + = 0,  0 = 1.  2),  (3.20) 

where 


6i  = rr  - PP, 

/i  = 2 qq. 

Si  = rr  + PP, 

= 0 - Ps, 

II 

82  = rj+  P3- 
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Eliminating  y from  (3.20),  the  following  equation  is  obtained. 

(^1  fi  - ^2  fiWi  g2  - fi  gd  - («!  gi  - = 0.  (3.21) 

Equation  (3.21)  is  an  eighth  degree  polynomial  equation  in  tan-half-angle  x 
= tan(02/2)  since  Cj  and  gj  are  quadratic  in  x. 

3.4  Numerical  Verifications 

In  this  section,  a numerical  example  is  presented  for  each  of  Cases  4-4-B  and 
4-4-C  to  verify  the  analysis.  The  verification  procedure  was  as  follows:  first  the 
dimensions  of  the  top  and  base  platforms  in  the  mechanisms  were  specified.  The 
platforms  are  planar.  Then,  a set  of  leg  lengths  were  obtained  by  a reverse 
displacement  analysis.  Knowing  the  dimensions  of  the  platforms  and  the  leg  length, 
the  forward  displacement  analysis  developed  was  then  applied  to  determine  all  the 
16  locations  of  the  top  platform.  Finally,  all  the  16  solutions  were  verified  by  a 
reverse  displacement  analysis  that  the  distances  between  points  connects  by  the  legs 
equal  the  corresponding  leg  lengths. 

3.4.1  Case  4-4-B 

The  dimensions  of  the  top  and  base  platforms  were  defined  by  the  following 
coordinates  of  the  vertices  (see  Fig.  3.5)  in  two  different  reference  systems  for  the 


top  and  base  platforms. 

a (0,  0,  0), 

b (2,  0,  0), 


A (0,  0,  0), 
B (18,  0,  0), 


C (4,  4,  0), 
d (-2,  4,  0), 


C (14,  14,  0), 
D (-2,  10,  0). 
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The  leg  lengths  were  as  follows: 

Aa  = 15.16575,  Cb  = 12.77364, 

Ba  = 17.37814,  Dc  = 16.22146, 

Bb  = 18.68404,  Dd  = 16.78414. 

Expanding  the  eliminant  (3.21),  the  following  polynomial  equation  was  obtained: 
x«  + 1.3532193x^  - 0.2835099x'‘  - 0.0230815x^  + 0.0036245. 

The  polynomial  equation  has  the  following  eight  roots: 

X = ±0.4453624,  ±0.3132981,  (±  il.2360720),  and  (±  i0.3490684). 

The  variable  x is  the  tan-half-angle  of  the  dihedral  angle  Oj.  For  each  value 
of  X,  a value  of  y was  obtained  by  using  (3.20).  With  each  pair  of  x and  y,  two  values 
of  z are  obtained  by  using  either  equation  in  (3.2).  Therefore,  16  solution  sets  of  tan- 
half-angles  X,  y,  and  z were  found  and  they  are  listed  in  Table  3.2.  Using  these 
results,  the  coordinates  of  the  top  platform  were  calculated.  The  origin  of  the 
reference  system  is  A.  (See  Fig.  3.5.)  B lies  on  the  x-axis,  and  C and  D are  in  the  x-y 
plane.  The  coordinates  of  the  vertices  a,  b,  c,  and  d are  shown  in  Table  3.3. 


Table  3.2  Variables  x,  y,  and  z of  Case  4-4-B 
(Only  Eight  Sets  of  Variables  are  Shown  Here) 


Solution  12  3 4 

X 0.44536  0.44536  0.31330  0.31330 

y -1.45795  -1.45795  0.48157  0.48157 

z -3.19008  -0.43657  (0.83521  - iO.53986)  (0.83521  + iO.53986) 
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Solution  5 
X (i 1.23607) 

y (il.02848) 

z (i0.57590) 


6 

( il.23607) 
( il.02848) 
(-i0.90235) 


7 

( i0.34907) 
(-iO.74997) 
(-iO.76842) 


8 

( i0.34907) 
(-iO.74997) 
( i0.94817) 


Table  3.3  Coordinates  of  the  Vertices  of  the  Top  Platform  of  Case  4-4-B 
(Only  Half  of  the  Sixteen  Reflections  Are  Shown  Here) 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


Solution  1 

(7-OOOOe+OO,  9.0000e+00,  1.0000e+01) 
(6.6527e+00,  1.0970e+01,  1.0000e+01) 
(5.7557e+00,  1.2842e+01,  1.3961e+01) 
(6.7976e+00,  6.9335e+00,  1.396le+01) 


Solution  2 

(7-OOOOe+OO,  9.0000e+00,  1.0000e+01) 
(6.6527e+00,  1.0970e+01,  1.0000e+01) 
(1.0245e+01,  1.3634e+01,  1.0000e+01) 
(1.1287e+01,  7-7250e+00,  1,0000e+01) 


Solution  3 
( 7.000e+00  + 
( 5-458e+00  + 
( 6 . 804e+00  + 
( 1.143e+01  + 


iO.OOOOe+00, 

iO-OOOOe+00, 

i5,0015e-01, 

i5.0015e-01. 


1.1049e+01  + 
1.0628e+01  + 
1.0419e+01  - 
1.1680e+01  - 


iO.OOOOe+00, 

iO.OOOOe+00, 

i2-5251e+00, 

i2.5251e+00. 


7,6765e+00  + 
8.8784e+00  + 
1.3861e+01  - 
l.0255e+01  - 


iO.OOOOe+00) 

iO.OOOOe+00) 

i2.4145e-01) 

i2-4145e-01) 


Solution  4 
( 7.0000e+00 
( 5.4577e+00 
( 6.8043e+00 
( 1.1431e+01 


+ iO.OOOOe+00, 
+ iO.OOOOe+00, 

- i5.0015e-01, 

- i5.0015e-01. 


1.0628e+01  + 
1.0419e+01  + 
1.1680e+01  + 


iO.OOOOe+00, 

i0,0000e+00, 

i2.5251e+00, 

i2.5251e+00. 


7.6765e+00  + 
8.8784e+00  + 
1.38610+01  + 
1.02550+01  + 


i 0.00000+00) 
i 0.00000+00) 
i2. 41450-01) 
i2. 41450-01) 


Solution  5 
( 7.00000+00 
( 4.94850+01 
( 4.22160+02 
( 2.94710+02 

Solution  6 
( 7.00000+00 
( 4.94850+01 
(-2.91930+02 
(-4.19390+02 


- i 1.10840-29, 
+ i1. 59070-14, 
+ i1. 07500-13, 
+ i1. 04080-13, 


- i 1.10840-29, 
+ i 1.59070- 14, 

- i 1.67850- 13, 

- i1. 64470-13, 


-6.44270+01  - 
2.32070+01  + 
8.30310+02  + 
5.67400+02  + 


-6.44270+01  - 
2.32070+01  + 
-6.40280+02  - 
-9.03180+02  - 


i7. 71920-15, 
i3.819l0-14, 
i3. 40850-13, 
i2. 99340-13, 


i7.71920-15, 
i3. 81910-14, 
i4.34980-13, 
i4. 72490-13, 


-7.89320-15  - 
4.03680-14  + 
3.53540-13  + 
3.14700-13  + 


-7.89320-15  - 
4.03680-14  + 
-4.64460-13  - 
-4.96740-13  - 


i6.3OO60+O1) 

i3.43630+O1) 

i9.23340+O2) 

i6.31230+O2) 


i6. 30060+01) 
i3. 43630+01 ) 
i7. 11800+02) 
i 1.00390+03) 


Solution  7 
( 7.00000+00 
( 1.87690+00 
(-6.19920+01 
(-4.66230+01 


+ iO.00000+00, 
+ i1. 02050-15, 
+ i1. 07400-14, 
+ i1. 54100-14, 


1.71870+01  + 
9.60510+00  + 
-1.48310+02  + 
-1.25570+02  + 


iO. 00000+00, 
i2. 15760-15, 
i1. 85730-14, 
i3. 17280-14, 


0.00000+00  + 
2.41750-15  + 
2.12860-14  - 
3.51360-14  - 


i 1.06960+01) 
i 1.76630+00) 
i 1.68520+02) 
i 1.41730+02) 


Solution  8 
( 7.00000+00 
( 1.87690+00 
( 1.04550+02 
( 1.19920+02 


+ i 0.00000+00, 

+ i1. 02050-15, 

- i3. 25780-14, 

- i2. 15780-14, 


1.71870+01  + 
9.60510+00  + 
1.03370+02  - 
1.26120+02  - 


iO. 00000+00, 
i2. 15760-15, 
i4. 81870-14, 
i4. 13530-14, 


0.00000+00  + 
2.41750-15  + 
-5.63720-14  + 
-4.42590-14  + 


i 1.06960+01) 
i1 .76630+00) 
i 1.40740+02) 
i 1.67530+02) 
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3.4.2  Case  4-4-C 


The  coordinates  of  the  vertices  of  the  top  platform  and  base  were  chosen  the 
same  as  those  for  Case  4-4-B  and  they  are  shown  in  Section  3.4.1.  The  leg  lengths 
were  as  follows: 

Aa  = 15.1657,  Cc  = 10.8545, 

Bb  = 15.7907,  Cd  = 11.8770, 

Be  = 15.1719,  Dd  = 14.2917. 

The  following  polynomial  was  obtained  through  expansion  of  the  eliminant  (3.18): 
A = + 2.4989x“  - 112.54x^“  - 158.81x‘«  + 3605.8x‘"  + 1773.5x''*  - 19278.x“ 

- 26782jc“  - 6005.0X*  + 4494.4x‘‘  + 1071.6x'‘  - 194.97x^  + 1.9274  = 0. 
This  polynomial  has  the  following  24  roots: 

X = ±0.10257,  ±0.34826,  ±0.58739,  ±2.59074,  ±2.58299,  ±1.80329, 

(0.05301  ± i2.82547),  (-0.05301  ± i2.82547),  (±  il.l6480), 

(±  il.07011),  (±  iO.85835),  and  (±  i0.64173). 

Using  these  results,  the  coordinates  of  the  top  platform  were  calculated.  The  origin 
of  the  fixed  system  in  the  base  is  A (see  Fig.  3.6),  B lies  on  the  x axis,  and  C and  D 
are  in  the  xy  plane.  The  locations  of  the  vertices  a,  b,  c,  and  d are  listed  in  Table  3.4. 


Table  3.4  Coordinates  of  the  Vertices  of  the  Top  Platform 
(Only  Half  of  the  Twenty-four  Reflections  Are  Shown  Here) 


Solution  1 

a (6.7013e+00,  1.2180e+01,  6.0617e+00) 
b (7.7579e+00,  1.0494e+01,  5-8588e+00) 
c (1.0518e+01,  9.4469e+00,  9,2179e+00) 
d (7.3485e+00,  1.4505e+01,  9.8268e+00) 


Solution  2 

(7.0000e+00,  9,0000e+00,  1.0000e+01) 
(8.6483e+00,  7.8672e+00,  1.0000e+01) 
(1.2562e+01,  l.0031e+01,  1,0000e+01) 
(7,6174e+00,  1.3429e+01,  1,0000e+01) 
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a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 

d 

c 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


Solution  3 

(7.4534e+00 

(6.9456e+00 

(6,5020e+00 

(8.0254e+00 


7.4501e+00 

6-2841e+00 

8.2994e+00 

1.1797e+01 


1.0906e+01) 

9.3625e+00) 

5.3949e+00) 

1.0026e+01) 


Solution  4 

(9.3291e+00, 

(7.9506e+00, 

(5.5780e+00, 

(9.7136e+00, 


9.4188e+00, 

1.0416e+0l, 

8-0354e+00, 

5.0445e+00, 


7.3657e+00) 

6,3142e+00) 

3.3638e*i'00) 

6.5184e+00) 


Solution  5 

(9,3270e+00, 

(9.9661e+00, 

(1.1629e+01, 

(9.7117e+00, 


4.7539e+00, 

6.3246e+00, 

9.7642e+00, 

5.0520e+00, 


1-0973e+01) 

1.2033e+01) 

9.7086e+00) 

6.5274e+00) 


Solution  6 

(9.0066e+00, 

(1.0257e+01, 

(l.3176e+01, 

(9.4233e+00, 


1.0437e+01, 

1.1771e+01, 

1.0206e+01, 

6.2054e+00, 


6,3200e+00) 

7.1306e+00) 

1.0137e+01) 

7.7047e+00) 


Solution  7 
( 1,0162e+01  - 
( 8,3169e+00  - 
( 4.9272e+00  - 
( 1,0463e+01  - 


i1.8752e-02, 
i1. 86760-02, 
i1. 66480-02, 
i 1.68770-02, 


1.26970+01  + 
1.46320+01  + 
7.84950+00  - 
2.04490+00  + 


i 1.46450-01, 
i 1.22360-01, 
i4. 75640-03, 
i6. 75070-02, 


2.83930-01 

2.57590-01 

1.17910-01 

1.96940-01 


- i5. 87780+00) 

- i7. 65240+00) 

- i 1.52900+00) 
+ i3. 79490+00) 


Solution  8 
( 1.01620+01 
( 8.31690+00 
( 4.92720+00 
( 1.04630+01 


+ i 1.87520-02, 
+ i 1.86760-02, 
+ i1. 66480-02, 
+ i 1.68770-02, 


1.26970+01  - 
1.46320+01  - 
7.84950+00  + 
2.04490+00  - 


i 1.46450-01, 
i 1.22360-01, 
i4. 75640-03, 
i6. 75070-02, 


2.83930-01  + 
2.57590-01  + 
1.17910-01  + 
1.96940-01  - 


i5. 87780+00) 
i7.65240+OO) 
i 1.52900+00) 
i3. 79490+00) 


Solution  9 
( 1.82910+01 
( 2.06730+01 
( 2.49250+01 
( 1.77800+01 

Solution  10 
( 3.07820+01 
( 2.94070+01 
( 2.48960+01 
( 2.90210+01 


- i1. 18330-15, 

- i7. 32620-16, 

- i 1.54920- 16, 
+ i4. 67100-15, 


+ i2. 04590-15, 

- i6. 48940- 16, 

- i1. 23130-16, 

- i1. 02100-14, 


2.28950+00  + 
1.58840+01  + 
1.35630+01  - 
-2.72190+01  + 


-1.71790+01  + 
1.14010+01  - 
1.35550+01  - 
-7.21860+01  - 


i3. 08690-14, 
i1. 91570-16, 
i4. 42620- 17, 
i1. 33460-15, 


i2. 04590-15, 
i6.48940-16, 
i1. 23130-16, 
i1. 02100-14, 


-3.07140-14  - 
-3.41420-16  + 
1.27230-15  + 
-9.42100-16  - 


4.90150-14  + 
2.34120-15  + 
1.26850-15  + 
-1.13130-15  + 


i 1.04790+01) 
i3. 17640+00) 
i 1.31510+00) 
i3. 96520+01) 


i3. 18220+01) 
i3. 27900+00) 
i 1.04530+00) 
i8. 66750+01) 


Solution  11 
(-1.88340+00 
(-4.74550-01 
( 3.84890+00 
(-3.77710-01 


+ i2. 67790-15, 
+ i2. 83870-15, 
+ i1. 22280-15, 
- i7. 11780-15, 


1.52700+01  + 
2.64760+00  + 
7.54140+00  + 
4.54100+01  - 


i2. 67790-15, 
i2. 83870- 15, 
i1. 22280-15, 
i7. 11780-15, 


-1.70350-14 

-4.99690-15 

-2.82640-15 

3.37380-15 


+ i 2. 59430+00) 

- i9. 94840+00) 

- i5. 19010+00) 
+ i3. 24380+01) 


Solution  12 
( 4.52980+00 
(-2.59630+00 
(-1.59840+01 
( 5.39420+00 


+ i 1.82620- 16, 
+ i 1.69050- 16, 
- i7. 17810-15, 
+ i2. 71360-15, 


1.57970+01  + 
8.98110+00  + 
1.87480+00  - 
2.23220+01  + 


i 1.82620- 16, 
i1 .69050-16, 
i7.178l0-15, 
i2. 71360-15, 


8.73470-16  + 
5.76710-17  + 
-7.88050-15  + 
2.52680-15  + 


i6. 32910+00) 
i 1.59850+01) 
i3. 04670+01) 
i 1.49960+00) 


In  order  to  verify  these  results,  a reverse  displacement  analysis  was  performed. 
All  solutions,  including  complex  ones,  reproduced  the  correct  edge  lengths  with  at 
least  7 digit  accuracy. 


CHAPTER  4 

THE  ANALYSES  OF  THE  4-5  PLATFORMS 

4.1  Introduction 

Each  of  the  4-5  Platforms  contains  a quadrilateral  top  platform  and  a 
pentagonal  base.  The  top  platform  is  supported  by  six  SPS  serial  chains  (legs)  that 
act  in-parallel.  The  ends  of  the  six  legs  join  at  four  points  at  the  vertices  of  the  top 
platform  and  the  other  ends  of  the  legs  join  at  five  points  at  the  vertices  of  the  base. 
No  more  than  two  legs  meet  at  one  vertex. 

Similar  to  the  4-4  Platform  mechanisms,  the  4-5  Platforms  are  classified  into 
three  main  cases  according  to  the  arrangements  of  the  "triangles"  and  "skew- 
quadrilaterals"  which  are  defined  in  the  same  way  as  those  for  the  4-4  Platforms. 
Figure  4.1  illustrates  the  top  views  of  four  cases.  Each  case  has  a different  sequence 
of  the  triangles  "Ts"  and  the  skew-quadrilaterals  "Q’s"  around  the  top  platform.  For 
Cases  4-5-A,  4-5-B,  and  4-5-C,  the  leg  arrangements  are,  respectively,  represented  by 
T-Q-T-Q-T-Q,  T-T-Q-T-Q-Q,  and  T-T-T-Q-Q-Q.  These  three  cases  have  different 
structures  which  can  be  identified  by  the  number  of  pairs  of  Q’s  adjacent  to  each 
other.  The  numbers  of  pairs  of  Q’s  adjacent  to  each  other  in  Cases  4-5-A,  4-5-B,  and 
4-5-C  are,  respectively,  zero,  one,  and  two.  In  other  words.  Case  4-5-A  does  not 
contain  any  leg  which  is  singly  connected  at  the  vertices  of  both  the  top  and  base 
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platforms.  Case  4-5-B  has  one  singly  connected  leg  and  Case  4-5-C  has  two  singly 
connected  legs.  It  should  be  noted  that  Case  4-4-C  Platform  which  was  analyzed  in 
Chapter  3 contains  also  one  singly  coimected  leg.  There  are  two  variations  of  T-T-Q- 
T-Q-Q  sequences  for  Case  4-5-B  as  shown  in  Figs.  4.1(b)  and  4.1(c). 

In  the  following  sections,  the  formulation  of  the  forward  displacement  analysis 
for  each  case  is  presented.  A model  which  was  established  in  Chapter  2 will  be 
employed  for  formulating  the  analyses  of  all  the  cases.  The  elimination  processes  for 
all  the  cases  are  presented  in  Section  4.3.  It  will  show  that  the  degree  of  the 
polynomial  equation  obtained  in  the  analysis  for  Case  4-5-A  is  eight,  for  Case  4-5-B 
is  24,  and  for  4-5-C  is  32.  In  Section  4.4,  some  numerical  examples  will  be  presented 
to  verify  the  results  for  some  cases.  The  results  will  show  that  the  maximum  numbers 
of  real  assembly  configurations  for  Cases  4-5-A,  4-5-B,  and  4-5-C  are,  respectively, 
sixteen,  twenty-four,  and  thirty-two. 


(a)  Case  4-5-A 
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(d)  Case4-5-C 

Fig.  4.1  The  4-5  Platforms  (Top  Views) 


4.2  Formulation  of  the  Analyses 

The  number  of  connection  points  of  the  legs  in  the  base  of  the  4-5  Platforms 
is  five.  Therefore,  in  each  case  of  the  4-5  mechanisms,  there  are  three  skew- 
quadrilaterals  which  are  formed  by  two  adjacent  legs,  an  edge  from  the  top,  and  an 
edge  from  the  base.  The  closed-loop  chain  model  presented  in  Section  2.3  will  be 
employed  in  the  analysis  for  all  the  cases.  For  Cases  4-5-A  and  4-5-B,  constructions, 
which  are  utilized  for  most  cases  of  the  4-4  Platforms,  will  be  used  again.  The 
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procedure  to  obtain  the  forward  displacement  analysis  for  all  the  cases  of  the  4-5 
Platforms  is  the  same  as  that  for  the  4-4  Platforms:  it  is  necessary  to  obtain  three 
algebraic  independent  equations  each  containing  two  or  three  variables.  Then,  an 
eliminant  for  these  equations  is  derived,  and  from  this  eliminant,  a polynomial  in  one 
of  the  variables  is  obtained. 

4.2.1  Case  4-5-A.  a T-O-T-Q-T-O  Platform 

Assuming  that  the  top  and  base  platforms  are  planar  and  the  sides  of  the  base 
AE  and  BC  are  nonparallel  (see  Fig.  4.2),  this  mechanism  can  be  modeled  by  a Case 
4-4-B  Platform  by  constructions.  In  Sections  3.2.1  and  3.2.2,  constructions  were  used 
to  model  Cases  4-4-Aa  and  4-4-Ab  Platforms  by  the  3-3  Platforms. 

By  extending  the  sides  of  the  base  AE  and  BC  to  obtain  the  intersection  point 
F,  the  pentagonal  base  becomes  a quadrilateral  EFCD  as  shown  in  Fig.  4.2.  The 
extension  lines,  AF  and  FB,  the  lengths  of  the  edges  of  the  base  platform,  EA  and 
BC,  and  the  leg  lengths,  Aa  and  Bb,  are  known.  Then,  the  two  "virtual"  connecting 
leg  lengths.  Fa  and  Fb,  can  be  uniquely  determined  by  using  the  cosine  law  for  a 
planar  triangle.  Thus  a "virtual"  Case  4-4-B  Platform  with  the  quadrilateral  base 
EFCD  and  the  quadrilateral  top  abed  is  created. 

The  three  variables  which  are  used  to  obtain  the  locations  of  the  top  platform 
are  defined  as  the  dihedral  angles  02,  63,  and  64.  The  dihedral  angle  62  measures  the 
elevation  of  the  triangle  AEFa  relative  to  the  base,  63  measures  AEFa  relative  to 
AaFb,  and  64  measures  AaFb  relative  to  the  top  platform.  The  Case  4-5-A  Platform 
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is  geometrically  similar  to  the  Case  4-4-B  Platform.  The  forward  analysis  for  the  Case 
4-4-B  Platform  can  be  found  in  Section  3.2.2. 


Fig.  4.2  A "Virtual"  Case  4-4-B  Platform  of  Case  4-5-A 

The  degree  of  the  polynomial  obtained  for  this  case  is  four  in  x^,  which  gives 
eight  values  of  02.  However,  as  shown  in  Section  3.2.2,  each  values  of  02  will  yield 
two  values  of  04  and  therefore,  there  are  16  solution  sets  of  the  angles  02,  03,  and  04. 
Accordingly,  there  are  a maximum  of  16  real  assembly  configurations  for  Case  4-5-A. 

4.2.2  Case  4-5-B.  a T-T-O-T-O-O  Platform 

There  are  two  variations  of  leg  arrangements  for  Case  4-5-B  as  shown  in  Figs. 
4.1(b)  and  4.1(c).  The  formulations  for  both  Cases  4-5-Ba  and  4-5-Bb  are  the  same 
as  both  of  them  contain  two  distinct  skew-hexahedra  which  can  be  modeled  by  a 
closed-loop  serial  chain  introduced  in  Section  2.3.  The  first  two  equations  necessary 
for  the  analysis  of  both  of  these  cases  are  obtained  by  using  the  closed-loop  chain 
model  and  the  third  equation  for  both  cases  is  obtained  by  construction.  In  terms  of 


45 

mechanisms,  the  numbers  of  assembly  configurations  obtained  from  the  analysis  for 
both  cases  are  the  same. 

The  formulation  of  the  first  two  equations  for  Cases  4-5-Ba  and  4-5-Bb  is 
presented  in  the  following: 

Three  variables,  Sj,  63,  and  64  are  used  to  compute  the  locations  of  the  top 
platform  relative  to  the  base  as  shown  in  Fig.  4.3.  They  are,  respectively,  the  dihedral 
angles  between  AABa  and  the  base,  AABa  and  AaBb,  AaBb  and  the  top  platform. 

D 


Fig.  4.3  Case  4-5-B  Platform 

In  terms  of  solid  geometry,  each  mechanism  contains  two  skew-hexahedra 
which  are  shown  in  Fig.  4.4.  An  equation  which  gives  the  relationship  among  the 
three  dihedral  angles  Oj,  63,  and  64  can  be  obtained  for  each  of  the  two  skew- 
hexahedra  using  the  closed-loop  chain  model.  These  dihedral  angles  which  will  be 
used  in  the  equations  are  defined  as  follows: 

02  = 62'  + 180,° 

03  = 180°  + 03', 

04  = 180°  + 04', 


(4.1) 
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where  the  angles  62',  63',  and  64'  are  designated  in  the  skew-hexahedra  as 
illustrated  in  Fig.  4.4. 


Fig.  4.4  Two  Skew-Hexahedra  of  Cases  4-5-Ba  and  4-5-Bb 


As  the  definitions  of  the  dihedral  angles  are  different  from  those  used  in 
Section  2.3,  a closed-loop  chain  with  the  joint  angles  (that  is,  the  dihedral  angles) 
defined  in  (4.1)  is  introduced.  This  closed-loop  chain  is  illustrated  in  Fig.  4.5. 


A vector  loop  equation  for  the  closed  loop  chain  can  be  expressed  as 

+ S22S2  + S33S3  - (4.2) 
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Fig.  4.5  A Closed  Loop  Chain 


Taking  self-scalar  products  for  both  sides  of  (4.2),  and  substituting  the  scalar  products 
obtained  from  Table  2.13  in  Duffy  (1980),  (4.2)  can  be  expressed  in  the  form 

k®  + S + SifSjjZ,  - S<1>S„Z,,  + s 

+ S22S33C23  “ S22S44Z3  -h  S22S5PZ43 


^33^44^34  ^44^55^^45  “ ^5 


(4.3) 


where 


k®  = (S,<“  + + S,^  + S.J  + S,f  - t‘)A.  (4.4) 

The  notation  Z results  in  expressions  that  are  linear  in  the  sines  and  cosines  of  joint 
angles.  Expanding  C2,  S2,  C4,  and  S4  in  terms  of  the  tan-half-angles  y = tan(02/2)  and 
X = tan(04/2),  (4.3)  can  be  expressed  in  the  form 
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{a-^  + bpi  + Ci)f  + idp^  + epi  + /j)y  + gp^  + hpi  + j\  = 0,  (4.5) 


where 

“ ^iO  ^3 

&i  = S3,  Cj  = Cjo  C3  + Cj2, 

“ ^iO  ^3>  /i  ~ /il  S3, 

“ ^iO  ^3  ^i25 

~ ^il  S3,  j\  — jio  C3  + Jq. 

Further,  the  expressions  of  the  coefficients  a-o,  «i2,  b^,  Cjo,  ...Ja  are  listed  in  Table  4.1. 
These  coefficients  are  different  for  the  two  equations  (i  = 1 and  2)  because  the 
knowns,  S^,  S55,  Cj2,  Sj2,  C45,  and  S45,  in  the  coefficients  have  different  definitions  as 
follows: 

For  i = 1, 


= EA, 

= bd,  = Ed, 

= - cos(ZEAB), 

= (1  - c^)", 

C4^^^  = cos(Zabd),  and 
For  i = 2, 

S4W  = (1  - 

Sif  = CA, 

Sjf  = be,  £22  = Cc, 

Cif>  = - cos(ZCAB), 

= (1  - cD\ 

C4^^  = cos(Zabc),  and 

= (1  - 

The  other  knowns  S22,  S33,  S44,  C23,  S23,  C34,  and  S34  are  the  same  for  both  i = 1 and  2 


and  they  are  given  by 

S22  — AB, 

^33  “ ^44  ^ 

C23  = - cos(ZABa), 

S23  “ ” (1  ""  ^23^)^ 

C34  = cos(ZBac), 

S34  = - (1  - €34")^ 
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Whilst  the  first  two  equations  contain  all  the  three  variables  Bj,  63,  and  64,  the 
third  equation  contains  63  and  64  only.  The  derivations  of  the  third  equation  for  each 
of  Cases  4-5-Ba  and  4-5-Bb  are  presented  in  the  following: 

Case  4-5-Ba.  It  is  assumed  that  AE  and  CD  lie  in  a plane  and  are  not  parallel.  The 
extension  lines  FD  and  FE  in  the  base  and  the  "virtual"  leg  Fc  are  added  to  the  4-5 
Platform.  (See  Fig.  4.6.)  The  lengths  of  these  lines  can  be  determined  by  using  a 
cosine  law  for  a planar  triangle. 


Fig.  4.6  Case  4-5-Ba  Platform  with  Constructions 

The  relationship  between  the  dihedral  angles  63  and  64  can  be  obtained  by 
using  a model  of  the  spherical  four-bar  linkage  presented  in  Section  2.2.  Consider 
vertex  a to  be  a location  of  a spherical  four-bar  linkage.  The  four  links,  the  output, 
coupler,  input,  and  ground  links  are  represented,  respectively,  by  angles  ZBaA,  ZcaA, 
Zcab,  and  ZbaB.  It  should  be  noted  that  the  coupler  links,  ZcaA  or  o>i  is  a variable. 
The  axes  of  the  four  joints  are  along  aB,  aA,  ac,  and  ab.  63  denotes  the  output  angle, 
and  64  denotes  the  input  angle.  Using  (2.1),  the  relationship  between  these  two 


50 


angle  is  given  by 

^2^3  ^4^4^3  ^5  ~ “ ^12»  (^*^) 

where 


5i  — S23C34S, 


4U 


V2  ~ ^23^34^41* 


S3  “ S34S4xC23, 


^4  ~ S93S, 


23^341, 


Further, 


^5  “ 9z3^34^41' 


Cj2  = COSO) 


u 


C23  = cos(ZBaA), 
C34  = cos(ZbaB), 


'41 


cos(Zcab), 


^23  “ (1 

S34  ~ (1  “ ^34)^* 


S4I  “ (1  ^34)^* 


Using  the  cosine  law  for  the  spherical  triangle  introduced  in  Section  2.4,  the 
relationship  between  the  angle  o>2  and  the  dihedral  angle  0 is  given  by 


coso>2  = Kj  + K2COS0, 


(4.7) 


where 


Ki  = cos(ZCFc)cos(ZCFE), 

K2  = -sin(ZCFc)sin(ZCFE). 

The  dihedral  angle  0 measures  the  elevation  of  the  triangle  AFcC  relative  to  the 
base. 

Applying  (2.7)  to  the  skew-quadrilateral  aAFc,  the  relationship  between  o>i  and  0)2 


can  be  expressed  in  the  form 

COSO>i  = K3  + K4C0S0)2, 


where 


(4.8) 
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Ka  = 


Aa^  + ac^  - cF^  - FA^ 
2 Aa  ac 


and 


K4  = 


cF  FA 
Aa  ac. 


Substituting  (4.8)  in  (4.7)  gives 

cos  (1)1  = Kj  + K1K4  + K2K4COS0. 


(4.9) 


Now,  applying  the  cosine  law  for  the  spherical  triangle  at  vertex  C,  the  relationship 
between  U2  <P  is  given  by 


COSU2  = K5  + K^cos0, 


(4.10) 


where 


K5  = cos(ZDCc)cos(ZDCB), 

K*  = - sin(ZDCc)sin(ZDCB). 

The  relationship  between  u,  and  U2  in  the  skew-quadrilateral  bcCB  is  expressed  as 


cosu,  = Ky  + Kg  COSU2, 


(4.11) 


where 


K;  = 


bB'  + be'  - Be  - cC' 
2 bB  be 


and 


Ks  = 


BC  cC 
bB  be. 


Substituting  (4.11)  in  (4.10)  gives 

cosuj  = Ky  + KjKg  + K«KgCos0. 


(4.12) 


The  relationship  between  64  and  cosu,  can  be  obtained  by  using  the  cosine  taw  for 
a spherical  triangle  and  it  is  given  by 


cosu,  = K,  + K,oC4, 


(4.13) 


where 


K,  = cos(Zabc)cos(ZabB), 
Kio  = -sin(Zabc)sin(ZabB). 
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Substituting  (4,13)  in  (4.12)  and  re-arranging  gives 
COS0  = m + nc^, 

where 

m = (K,  - 

n = Kio/Kg/Kg. 

Substituting  (4.14)  in  (4.9)  gives 

cos(i>i  = p + qc^, 

where 

P — K3  + + K2K4W, 

q = K2K4«. 

Now,  substituting  right-handed  side  of  (4.15)  in  (4.6)  yields 

+ $2^3  + ($3  + 9')C4  + ^48483  + ($5  + p)  = 0- 

By  introducing  the  tan-half-angle  relationships  for  64  in  (4.16): 

1 - 2x  04 

C4  = — and  S4  = , where  x = tan( — 

1 + x'  1 + x"  2 

yields 

+ h^x  + 73  = 0, 

where 

^3  = ($2  - $i)c3  + Us  - ^3  + P - q), 

/I3  = 2^4S3, 

h = (^2  + $l)C3  + Us  + ^3+  P + q)- 


(4.14) 

(4.15) 

(4.16) 

). 

(4.17) 


The  coefficients  of  x in  (4.17)  depend  linearly  on  the  sines  and  cosines  of  63  and  the 
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dimensions  of  the  platforms  and  the  leg  lengths  of  the  mechanisms.  It  is  interesting 
to  note  that  the  third  equation  (4.17)  does  not  depend  on  leg  length  Ed. 

Equation  (4.17)  together  with  the  two  equations  in  (4.5)  are  the  three 
simultaneous  equations  which  will  be  used  to  derived  a polynomial  equation  in  x [x 

= tan(04/2)].  Section  4.3  presents  the  derivation  and  it  shows  that  the  polynomial  is 
of  24th  degree  in  x. 


Table  4.1  Coefficients  of  Equation  (4.5) 


fljo  — A + 5 + C + D+  E 


aa  = F + G + H + I + J + K+L 


b,,=P  + Q 


CjQ  — A + B + C-  D-  E 


Ca=F+G  + H + I-J-K-L 


da=  M + N 


h=M-N 


gio=  - A + B-  C-  D + E 


ga=F-G-H-I  + J-K  + L 


hii  - - P + Q 


j)o=-A+B-C  + D-  E 


ja  = F-G-H-I-J  + K-L 


-A  Cj-iSi^s^SnS, 


Gf  Si'^So'^SitS 


H CuSi')S'>'iSiiS. 
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I — C34C45S12S23S11S55 


K — S12S23S34S45S11S55 


M 2S12S34S11S44  + 2C45S12S34S11S 
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P “ 2C23S12S45S11S 
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R — 4S12S45S11S55 


J ^12^^34^45^11^55  ^^34^45^22^ 
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L — S34S45S33S55 


N — 2C34S12S45S11S 
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Q “■  2C22S23S45S11S55  + 2S23S45S22S 
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Case  4-5-Bb.  The  third  equation  for  Case  4-5-Bb  is  obtained  by  using  the  following 
construction:  assuming  that  the  top  and  the  base  platforms  are  both  planar  and  the 
edges  ab  and  dc  in  the  top  and  the  edges  BC  and  ED  in  the  base  are  not  parallel, 
then  the  extension  lines  be,  ce,  CF,  and  DF  can  be  found,  and  the  "virtual”  legs,  eB 
and  dF  can  be  determined  by  using  cosine  law  for  a planar  triangle.  Figure  4.7  shows 
the  resulting  Case  4-5-Bb  Platform  after  the  construction. 


Fig.  4.7  Construction  for  Case  4-5-Bb  Platform 
Comparing  the  two  cases  shown  in  Figs.  4.6  and  4.7,  it  can  be  seen  that  both 
Cases  4-5-Ba  and  4-5-Bb  with  the  construction  are  the  same  geometrically.  The  base 
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of  Case  4-5-Bb  defined  by  the  vertices  A,  B,  F,  E correspond,  respectively,  to  the 
vertices  A,  B,  C,  F of  Case  4-5-Ba.  Similarly,  the  top  platform  of  Case  4-5-Bb  defined 
by  the  vertices  a,  e,  d correspond,  respectively,  to  the  vertices  a,  b,  c of  Case  4-5-Ba. 
Finally,  the  legs  Aa,  Ba,  Be,  Fd,  and  Ed  in  Case  4-5-Bb  correspond,  respectively,  to 
the  legs  Aa,  Ba,  Bb,  Cc,  and  Fc  in  Case  4-5-Ba.  (It  should  be  noted  that  leg  Ed  in 
Case  4-5-Ba  and  leg  Cc  in  Case  4-5-Bb  are  redundant  in  the  derivations  of  the  third 
equation.)  Therefore,  the  third  equation  for  Case  4-5-Bb  can  be  obtained  by  using 
the  same  procedure  as  that  for  Case  4-5-Ba. 

While  the  analysis  for  Case  4-5-Bb  presented  above  is  rather  complicated, 
there  is  another  approach  which  is  much  simpler  and  does  not  need  to  use  the 
closed-loop  chain  model.  By  using  construction  as  illustrated  in  Fig.  4.8,  Case  4-5-Bb 
can  be  modeled  by  a Case  4-4-C  Platform.  Comparing  the  "virtual"  Case  4-4-C  with 
Case  4-4-C,  the  vertices  F,  B,  C,  and  D in  Fig.  4.8  correspond,  respectively,  to  the 
vertices  C,  B,  A,  and  D in  Fig.  3.7.  Also,  the  legs.  Fa,  Ba,  Bb,  Cc,  Dd,  and  Fd  in  Fig. 
4.8.  correspond,  respectively,  to  the  legs  Cc,  Be,  Be,  Aa,  Dd,  and  Cd  in  Fig.  3.7.  The 
legs  Aa  and  Ed  in  Fig.  4.8  are  redundant. 


Fig.  4.8  A "Virtual"  Case  4-4-C  Platform  of  Case  4-5-Bb 
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4.2.3  Case  4-5-C.  a T-T-T-O-O-O  Platform 

Case  4-5-C  has  the  feature  that  the  top  platform  is  connected  to  the  base  by 
two  triangles  in  serial  fashion.  Three  variables,  62,  63,  and  64  are  used  to  compute  the 
locations  of  the  top  platform  relative  to  the  base  as  shown  in  Fig.  4.9.  The  variable  - 
02  is  the  dihedral  angle  which  measures  the  elevation  of  the  triangular  face  AABa 
relative  to  the  base,  63  is  the  dihedral  angle  between  AABa  and  AaBb,  and  64  is  the 
dihedral  angle  between  AaBb  and  the  top  platform. 


Fig.  4.9  Case  4-5-C  Platform 

In  terms  of  solid  geometry,  the  mechanism  contains  two  skew-hexahedra  which 
are  illustrated  in  Fig.  2.2. 

Two  of  the  necessary  three  equations  for  the  analysis  contain  all  the  three 
dihedral  angles  62,  63,  and  64,  and  the  third  one  contains  62  and  63  only.  The  dihedral 
angles  are  designated  as  shown  in  Fig.  4.10.  All  the  three  equations  are  obtained  by 
using  a serial  chain  which  models  the  skew-hexahedra.  The  derivation  of  the 
equations  is  detailed  in  Section  2.3.  Equation  2.5  which  results  from  a vector  loop 
equation  for  the  closed-loop  chain  is  again  expressed  as  follows: 
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k®  + S ®S22Ci,  + S ®S33Z2  + S3®S44Z33  + Si®S5®Z43® 

+ S22S33C23  + S22S44Z3  + S22S5®Z4®  + S33S44C34 


+ SjjSi'iZ®  + S„S  ®c  ® = 0, 


where 


k<»  = (S,r  + S,I  + S,S  + 


(4.18) 


Fig.  4,10  Two  Skew-Hexahedra  of  Case  4-5-C 


Two  equations,  for  i = 1 and  2,  are  derived  for  the  first  and  second  skew- 
hexahedra  respectively. 

The  sines  and  cosines  of  the  joint  angles  or  dihedral  angles  in  (4.18)  can  be 
expressed  in  terms  of  the  tan-half-angles  where  x = tan(03/2),  y = tan(04/2),  and  z 
= tan(02/2).  Introducing  these  tan-half-angles  and  re-grouping  terms,  (4.18)  becomes 
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+ ftpc  + c)f  + (djX"  + epc  + /i)y  + + /ipc  + /j  = 0,  (4.19) 

where  the  nine  coefficients  which  are  expressed  in  terms  of  the  variable  z as  follows: 

fli  — Z^(flj2  ~ ^io)  + <^i2> 

hi  = 2hiiZ, 

Cj  = Z^(Cj2  “ Cio)  + C|0  + Ci2, 
d-y  = 2d^^, 

e-y  = z^(Ci2  “ Cio)  + Cjo  + Ci2> 

/i  = 2fijZ, 

~ “ ^io)  ^iO  ■*"  ^i2> 

hi  = 2huZ, 

Ji  = Z^0'i2  - ;'io)  + /io  + /i2»  and 
i = 1 and  2. 

Further,  the  expressions  of  the  coefficients  a^,  hy,  Cio, ja  of  z are  listed  in  Table 
2.1.  It  should  be  noted  that  S^,  S55,  Cj2,  s^,  C45,  and  S45  in  the  expressions  of  the 
coefficients  are  different  for  the  three  equations  and  they  are  distinguished  by  using 
the  superscribe  (i)  as  follows: 

For  i = 1, 


c(l)  - 

Oil  ” 

EA, 

= bd. 

£11  — dE, 

p(l)  - 
^12 

- cos(ZEAB), 

Sii^>  = (1  - 

(4.20) 

II 

- cos(Zabd),  and 

S4«  = (1  - 

For  i = 2, 

C(2)  - 

Oil  ~ 

DA, 

Ssf  = be. 

■^22  ~ cD, 
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= - cos(ZDAB),  Sif)  = (1  - (4.21) 

- ~ cos(Zabc),  and  84^^^  = (1  ~ 

The  third  equation  (i  = 3)  is  derived  from  (4.18)  with  = 0.  It  is  a function 
of  the  dihedral  angles  62  and  63  only.  It  can  be  expressed  in  the  tan-half-angles  of 
these  angles  as  follows, 

+ 73  = 0,  (4.22) 

where 

83  ~ ^(Sq  ~ 8io)  8i0  8i2f 
/I3  = 2/tuZ, 

Js  ~ ^0i2  “ /io)  jiO  /i2' 

Further,  the  expressions  of  the  coefficients  gjo,  g^,  h^,  and  Jq  of  z can  be  found  in 
Table  2.1.  The  knowns,  S^,  S55,  £33,  Cjj,  and  s^  in  the  coefficients  are  given  by 
Sif  = CA,  S5f  = 0,  £33  = bC, 

Cjf^  = - cos(ZCAB),  and  Sjf^  = (1  - 

The  three  variables  in  the  three  simultaneous  equations  in  (4.19)  and  (4.22) 
are  the  dihedral  angles  in  the  three  distinct  skew-polyhedra.  If  the  base  of  the  In- 
parallel Platform  is  nonplanar.  Then  the  dihedral  angle  62  defined  in  one  equation 
will  not  be  the  same  as  in  the  others.  Similarly,  if  the  top  platform  is  nonplanar,  the 
dihedral  angle  64  in  one  equation  will  not  be  the  same  as  in  the  others.  Therefore, 
for  a mechanism  with  nonplanar  top  and  base  platforms,  the  variables  y and  z in  the 
three  equations  should  be  changed  and  the  coefficients  are  adjusted  accordingly.  An 
example  of  a case  with  nonplanar  base  will  be  presented  in  Section  4.4.2. 
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The  two  equations  in  (4.19)  together  with  (4.22)  are  the  three  equations  which 
are  used  for  deriving  a polynomial  equation  in  z by  an  elimination  method  described 
in  the  following  section. 

4.3  The  Eliminants  of  the  Equation  Sets 

Since  Case  4-5-A  is  analyzed  by  using  the  solution  for  Case  4-4-B  Platform, 
the  elimination  for  that  case  can  be  found  in  Section  3.3.2  and  will  not  be  repeated 
here.  The  formulation  of  the  forward  analysis  for  Cases  4-5-B  and  4-5-C  reduces  to 
the  following  equation  set 

(fljX^  + biX  + cjy^  + (di^  + 6iX  + fi)y  + + hiX  + j\  = 0 (4.23a) 

(fl2X^  + ^2^  + C2)f  + (d2X^  + CjX  + /z)y  + + /I2X  + ;2  = 0 (4.23b) 

gjx^  + hsx  + 73  = 0 (4.23c) 

where  for  Cases  4-5-Ba  and  4-5-Bb,  the  coefficients  of  x and  y are  linear  in  sines  and 

cosines  of  63,  and  for  Case  4-5-C,  the  coefficients  are  quadratic  in  z. 

In  order  to  solve  the  equation  set,  x and  y are  first  algebraically  eliminated  by 
the  Sylvester’s  dialytic  method  (Salmom  1885,  pp.  79).  The  elimination  of  the  two 
unknowns  is  presented  in  the  following. 

The  two  unknowns  x and  y can  be  eliminated  in  a single  operation  by 
generating  thirteen  extra  equations  from  the  three  equations  in  (4.23)  as  follows: 
To  each  of  the  three  equations,  multiply  x,  y,  and  xy  to  generate  nine  extra 
equations.  Then,  multiply  the  third  equation  (4.23c)  by  xy^,  xy^,  y^,  and  y^  to  generate 
another  four  extra  equations.  Therefore,  together  with  the  three  original  equations. 
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a total  of  sixteen  equation  are  derived  and  they  can  be  written  in  the  matrix  form: 
M I = 0,  (4.24) 

where 

I = [xy  xy  xy^  y^  xy  x^  x^  xy  xy^  y^  x^  xy  y x^  X 1]’’, 
and  the  16x16  matrix  M is  given  by 


0 

0 

0 

0 

0 

0 

0 

a. 

1 

d. 

1 

fi 

Si 

hi 

Ji 

0 

0 

0 

0 

d, 

Si 

bi 

<^i 

0 

^i 

fi 

0 

hi 

Ji 

0 

0 

0 

0 

0 

di 

^i 

fi 

Si 

hi 

Ji 

0 

0 

0 

^1 

0 

d. 

1 

Si 

0 

fi 

0 

hi 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

83 

0 

0 

^3 

h 

0 

0 

0 

0 

0 

0 

0 

^3 

^3 

h 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

S3 

^3 

h 

0 

0 

0 

0 

0 

0 

0 

S3 

^3 

J3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

83 

0 

0 

0 

0 

0 

0 

^3 

J3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

^3 

^3 

J3 

0 

0 

0 

0 

0 

0 

0 

0 

83 

0 

0 

0 

0 

^3 

J3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

83 

*3 

J3 

where,  i = 1 and  2. 

The  equation  set  (4.24)  can  be  satisfied  if,  and  only  if,  the  following  condition 

holds: 

determinant(M)  = 0.  (4.25) 

Equation  (4.25)  represents  the  condition  under  which  the  three  equations 
(4.23)  have  a common  solution  for  x and  y.  The  left  hand  side  of  (4.25)  is  then  the 
eliminant  of  the  system  of  equations  (4.23). 
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For  Case  4-5-B,  every  entry  of  the  16x16  matrix  M is  linear  either  in  cosine 
or  sine  of  63.  Hence  a straight  expansion  of  the  eliminant  will  result  in  an  expression 
in  the  form 


i 


j = 0,  16 
i + j < 16 


Cii  S3  C3^ 


•J 


(4.26) 


where  Qj  are  known  and  which  depend  only  on  the  dimensions  of  the  mechanisms. 
If  now  the  sines  and  cosines  of  63  in  (4.26)  are  substituted  by  the  tan-half-angles  z 
= tan(03/2),  a 32nd  degree  polynomial  equation  in  z will  be  produced.  However,  in 
a numerical  example  which  will  be  presented  in  Section  4.4.1,  (4.26)  can  be  expressed 
in  a 24th  degree  polynomial  equation  in  z by  substituting  the  identities 

S3*  ^ (1  - C3^)''  S3“,  (4.27) 


where 


1 < i < 16, 

V = quotient  of  i divided  by  2,  and 
u = remainder  of  i divided  by  2. 
This  yields 


iSi 


Qj  S3*  C3^  = 0. 


j = o,  12 

i -f  j<  12 


(4.28) 


Specifically,  Qj  (i=0,l;  j = 13,  14,  15,  and  16;  and  13  < i+j  < 16)  are  set  to  zeroes 
because  they  are  negligible  comparing  to  the  other  coefficients.  Now,  by  introducing 
the  tan-half-angle  relationships  for  63: 
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1 - 2z  03 

C3  = ; — and  S3  = , where  z = tan( ) 

1 + z^  1 + z^  2. 

Equation  (4.28)  can  be  expressed  in  a polynomial  equation  of  degree  24. 

Several  sets  of  dimensions  of  the  mechanism  have  been  used  to  test  this 
method,  it  was  found  that  (4.26)  can  always  be  reduced  to  a 24th  degree  polynomial 
equation  by  the  substitutions.  It  is  believed  that  by  substituting  the  identities  (4.27) 
in  (4.26),  as  many  as  eight  extraneous  roots  in  z are  eliminated.  Therefore,  there  are 
24  solutions  for  z and  a corresponding  24  pairs  of  solutions  for  x and  y. 

For  Case  4-5-C,  the  entries  of  the  matrix  M are  either  linear  or  quadratic  in 
z.  It  follows  that  the  expansion  of  the  eliminant  will  be  a polynomial  of  degree  not 
higher  than  32.  In  the  next  section,  it  will  show  that  the  expansion  indeed  results  in 
a polynomial  equation  of  degree  32  in  z and  no  extraneous  roots  have  been 
introduced  in  the  elimination  procedure.  As  the  result,  that  there  are  32  solutions  for 
z and  a corresponding  32  pairs  of  solutions  for  x and  y. 

When  z is  obtained  from  the  polynomial  equation,  every  entry  of  the  matrix 
M has  a definite  numerical  value.  Then,  the  pair  of  variables  x and  y can  be 
determined  from  (4.24)  as  follows; 

Reducing  the  dimension  of  the  matrix  M to  a 15x15  matrix  by  deleting  the 
first  row  and  the  sixteenth  column  of  matrix  M,  the  set  of  16  equations  in  the  form 
of  (4.24)  becomes  a set  of  15  equations  which  are  expressed  in  the  form: 


N s = m, 


(4.29) 
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where 


N 


0 0 0 0 0 0 0 b2  f2  g2  *2 

0 0 0 0 Of  d^  g^  b^  c^  0 e^  0 h^  y, 

0 Of  bf  0 0 0 d^  e^  g^  0 0 

a.  b.  Cj  0 d.  g.  0 0 h^  y . 0 0 0 

0000  ^3  00  /I3  4 000000 

g^h^j^  000000000000 
0000000  g^h^j^  00000 

0^3/13/3  00000000000 

000000  g3  000000  *3  >3 
0000000000  ^3/1373  00 

00000  g3  0000  /i3y3  000 

0000000000000  ^3/13 


(i  = 1 and  2), 


s = [xy  xy  xy^  xy  x^  x^  xy  xy^  y^  x^  xy  y x^  x]^, 


and, 


m = [/2  0 0 0 0 0 0 0 0 0 0 0 0 0/3]^ 


The  solutions  of  x and  y can  be  obtained  from  s which  is  given  by 


s = N-‘  m. 


(4.30) 


4.4  Numerical  V erifications 


The  eliminants  derived  for  each  of  Cases  4-5-B  and  4-5-C  are  determinants 
of  square  matrices  of  dimension  16.  The  entries  of  these  matrices  are  symbolic. 


65 


Specifically,  the  eliminant  of  Case  4-5-B  consists  of  entries  which  are  functions  of  Cj 
and  S3,  and  the  eliminant  of  Case  4-5-C  consists  functions  of  z.  Therefore,  the 
expansion  of  the  determinants  of  the  symbolic  matrices  of  such  large  sizes  is  a 
laborious  task.  To  facilitate  the  expansion,  a symbolic  software  package  called 
Mathematica  (Wolfram,  1989)  was  employed.  Also,  the  Laplace’s  Expansion  method 
(Howard,  1966)  was  applied  to  speed  up  the  computation.  This  method  is  described 
in  the  following  section. 

A 24th  and  32th  degree  polynomial  equations  were  obtained  respectively  from 
the  eliminants  for  Cases  4-5-B  and  4-5-C.  In  the  following  sections,  a numerical 
example  is  presented  for  each  case  to  verify  the  analysis.  All  the  solutions  were 
verified  by  the  reverse  displacement  analysis  that  the  distances  between  points 
connects  by  the  legs  equal  the  corresponding  leg  lengths. 

4.4.1  Case  4-5-Ba 

The  dimensions  of  the  top  and  base  platforms  were  defined  by  the  following 
coordinates  of  the  vertices  (see  Fig.  4.6)  in  two  reference  systems  for  the  top  and 
base  platforms: 


a (0,  0,  0), 

A (0,  0,  0), 

b (2,  0,  0), 

B (12,  0,  0), 

c (4,  4,  0), 

C (20,  10,  0), 

d (-2,  4,  0), 

D (10,  20,  0), 

E (0,  14,  0). 
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The  leg  lengths  were  as  follows: 

Aa  = 15.16575,  Cb  = 13.78405, 

Ba  = 14.35270,  Dc  = 12.24745, 

Bb  = 15.68439,  Dd  = 16.43168. 

With  the  above  dimensions  of  the  mechanisms,  the  coefficients  of  the  three  equations 
(4.23)  were  determined  by  using  the  formulation  presented  in  Section  (4.2.2).  The 
coefficients  are  listed  in  Table  4.2. 


Table  4.2  Coefficients  of  (4.23)  for  Case  4-5-Ba 


= 0.0347cj  - 0.5010 

bi  = -O.292OS3 

Cl  = -0.1484C3  - 0.6064 

di  = 0.1524sa 

6i  = 1.2833c3 

fi  = -0.6523s3 

= 0.0878C3  + 1.0000 

hi  = -O.739IS3 

ji  = -O.3757C3  + 1.8317 

^2  = -O.2336C3  + 0.0255 

62  = O.3323S3 

C2  = -O.O252C3  + 0.2085 

d.2  = O.4254S3 

62  = 0.605 IC3 

/2  = O.O46OS3 

g2  = -0.0854C3  + 1.0000 

h2  = O.I215S3 

J2  = -0.0092C3  + 1.6248 

g3  = I.OOOOC3  - 0.4581 

h3  = -1.4224s3 

73  = O.IO8OC3  - 1.8125 

The  coefficients  in  Table  4.2  were  used  as  the  entries  of  the  16x16  matrix  M 
in  (4.25).  By  using  the  Mathematica  on  an  IBM  PS/2  Model  80,  which  was  the  fastest 
computer  available  for  the  software,  a straight  calculation  of  the  determinant  of  this 
matrix  was  unsuccessful.  Therefore,  the  Laplace’s  Expansion  method  was  used  to 
expand  the  determinant  of  the  matrix  into  many  determinants  of  smaller  sizes  so  that 
they  were  able  to  be  obtained  by  the  Mathematica. 
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The  Laplace’s  Expansion  Theorem  (Howard,  1966)  is  stated  as  follows: 

Select  any  m rows(columns)  from  matrix  and  form  all  the  m- 
rowed  minors  of  M found  in  these  m rows(columns).  Then  | M | is 
equal  to  the  sum  of  the  products  of  each  of  these  minors  and  its 
algebraic  complement,  or  cofactor. 

The  above  theorem  is  applied  for  the  expansion  of  the  eliminant  | M | in  the 
following  procedure: 


First,  interchanging  the  rows  of  M and  partitioning,  the  eliminant  is  expressed  as 


|M|  = \PQ\, 

where 


(4.31) 


i>j  Cj  0 

«2  h 0 

^3  ^3  7s  0 


0 

0 

0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 


^2  ^2 

^3  h 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0 


0 

/l 

0 

Si 

0 

^2 

f2 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

dx 

fx 

0 

0 

0 

di 

«2 

f2 

0 

0 

0 

0 

0 

0 

Sx 

K 

0 

^2 

^2 

Si 

^2 

0 

^3 

0 

0 

^3 

h 

0 

0 

^3 

0 

0 

0 

0 

0 

0 

^3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

«2 

^2 

0 

0 

0 

^3 

^3 

h 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

hx 

0 

0 

0 

0 

^2 

h 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

h 

0 

0 

0 

Si 

K 

h 

0 

0 

0 

0 

0 

0 

0 

0 

0 

fx 

0 

K 

h 

0 

«2 

fi 

0 

K 

h 

0 

0 

0 

0 

0 

0 

0 

^3 

h 

0 

0 

0 

0 

0 

0 

0 

^3 

h 

0 

di 

A 

Sx 

K 

A 

di 

«2 

fl 

Si 

K 

A 

0 

0 

0 

0 

0 

0 

S3 

^3 

A 

0 

0 

0 

0 

0 

0 

S3 

h 

A 
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Then,  forming  all  the  four-rowed  minors  found  in  P of  matrix  M,  and  neglecting 
those  which  contains  row  of  zeros,  C$  = 15  minors  can  be  found.  Of  these  15  minors, 
nine  of  their  cofactors  contain  rows  of  zeros.  It  follows  that  there  are  only  six 
products  of  minors  and  their  cofactors  which  are  not  equal  to  zero.  The  following  are 
the  six  minors  [i’ll  (i  = 1,  2,  ...,  6 and  P,  is  a 4x4  matrix.)  together  with  their 
corresponding  cofactors  \Q^\  (i  = 1,  2,...,  6,  and  0i  is  a 12x12  matrix): 

I I = I row[l,  2,  3,  and  6]  of  P | , 

\Qi\  = I row[4,  5,  7,  ...,  and  16]  oiQ\, 

I P2 1 = I row[l,  3,  4,  and  6]  of  P | , 

1 02 1 = I row[2,  5,  7,  ...,  and  16]  of  0 1 , 

I P3 1 = I row[l,  3,  5,  and  6]  of  P | , 

1 03 1 = - I row[2,  4,  7,  ...,  and  16]  oiQ\, 

I P4 1 = I row[2,  3,  4,  and  6]  of  P | , 

1 04 1 = - I row[l,  5,  7,  ...,  and  16]  of  0 [ , 

I P5 1 = I row[2,  3,  5,  and  6]  of  P | , 

1 05 1 = I row[l,  4,  7,  ...,  and  16]  of  0 1 , 

I Pfi  I = I row[3,  4,  5,  and  6]  of  P | , 

1 06 1 = I row[l,  2,  7,  ...,  and  16]  of  0 1 , 

where  | row[i,  j,  k, ...  and  p]  of  iV  | = the  determinant  of  a matrix  which  consists  of 
row  i,  j,  k,  ...,  and  p of  the  matrix  N. 

By  using  the  Laplace’s  Expansion  Theorem,  the  determinant  of  M is  given  by 


(4.32) 


|M|  = E IF, I IQ, I, 

i = 1 

where  Pi  is  a 4x4  matrix  and  Qi  is  a 12x12  matrix.  The  determinant  of  each  of  these 
matrices  of  these  sizes  was  able  to  be  obtained  by  using  the  Mathematica. 

Substituting  the  entries  listed  in  Table  4.2  in  (4.32),  an  expression  in  the  form 
of  (4.26)  was  obtained.  Then,  introducing  the  identities  (4.27)  in  that  expression  and 
expanding  yields 

2.23591x10  '’  Ca""  - 2.77635x10  '’  C3'"  - 3.06255x10  '"  C3'''  + 6.57518x10  '''  C3'" 
+ Ca'^  + 0.18623  Ca"  - 16.94912  Ca'“  - 31.19358  Ca’  + 117.88777  Ca* 

+ 285.95239  Ca’  - 94.30702  Ca"  - 848.06232  Ca"  - 854.91994  Ca^ 

- 195.47726  Ca"  + 141.26847  Ca"  + 72.67142  Ca  - 20.27043  = 0.  (4.33) 
Equation  (4.33)  shows  that  the  values  of  the  coefficients  of  Ca‘  for  13  < i < 16 

are  negligible  compared  to  the  other  coefficients.  Setting  the  terms  of  Ca‘  for  13  < i 
< 16  equal  to  zero,  and  expanding  Ca  in  term  of  the  tan-half-angle,  z = tan(6a/2), 
(4.33)  can  be  expressed  in  the  polynomial  equation 

- 10.96713  z“  - 34.74052  z""  - 121.42994  z'»  - 187.44728  z"' 

- 905.84820  z'''  - 2854.56759  - 2359.51509  z'"  + 2908.71337  z« 

+ 3712.64283  + 517.42517  z*  - 521.68261  z’  - 143.58301  =(a,34) 

Equation  (4.34)  has  the  following  24  roots: 

z = ±0.75992,  ±0.73447,  (±i0.69299),  (±i5.37977),  ( 1.24272  ± i0.85340), 
(-1.24272  ± i0.85340),  ( 0.84108  ± il.50709),  (-0.84108  ± il.50709), 

( 0.00602  ± iO.69688),  (-0.00602  ± iO.69688),  ( 0.26487  ± il.28602),  and 
(-0.26487  ± il.28602). 
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For  each  value  of  z,  a pair  of  values  x and  y were  obtained  by  using  (4.30).  It  has 
been  verified  that  every  solution  set  satisfies  the  equation  system  (4.23).  Using  these 
solutions,  the  locations  of  the  top  platform  were  determined  in  a reference  system 
whose  origin  is  at  A.  (See  Fig.  4.6.)  B lies  on  the  x-axis,  and  E is  in  the  x-y  plane. 
Tables  4.3  shows  the  coordinates  of  the  vertices  a,  b,  c,  and  d.  For  the  dimensions 
given  in  this  example,  four  real  and  20  complex  assembly  configurations  were  found. 
It  has  been  verified  by  a reverse  displacement  analysis  that  all  the  24  solutions 
reproduced  the  correct  edge  length  with  at  least  12  digit  accuracy. 


Table  4.3  Coordinates  of  the  Vertices  of  the  Top  Platform  of  Case  4-5-Ba 


a 

b 


c 

d 


Solution  1 

(7.0000e+00, 

(6.9543e+00, 

(1.0899e+01, 

(1.1036e+01, 


8.8064e+00, 

1.0806e+01, 

1.2899e+01, 

6.9004e+00, 


1.0171e+01) 

1.0187e+01) 

9,9380e+00) 

9.8897e+00) 


Solution  2 

(7,0000e+00, 

(6.9543e+00, 

(1,0899e+01, 

(1.1036e+01, 


8.8064e+00, 

1_0806e+01, 

1,2899e+01, 

6.9004e+00, 


-1.0l71e+01) 

-1.0187e+01) 

-9,9380e+00) 

-9.8897e+00) 


a 

b 


c 

d 


Solution  3 

(7-OOOOe+OO, 

(7.0000e+00, 

(1.1000e+01, 

(1.1000e+01, 


9,0000e+00, 

1.1000e+01, 

1.3000e+01, 

7.0000e+00, 


1,0000e+01) 

1.0000e+01) 

1.0000e+01) 

1.0000e+01) 


Solution  4 

(7.0000e+00, 

(7.0000e+00, 

(1.1000e+01, 

(1.1000e+01, 


9,0000e+00, 

1.1000e+01, 

1.3000e+01, 

7.0000e+00, 


-1-0000e+01) 

-1.0000e+01) 

-1.0000e+01) 

-1,0000e+01) 


Solution  5 


a 

(7.0000e+00 

- 

11.1752e-32, 

1.6621e+01 

- 

12.3915e-15, 

4.07260-15 

b 

(1.0722e+01 

- 

14.7709e-16, 

1 .6969e+01 

- 

11.4423e-15, 

3.61500-15 

c 

(2.371 1e+01 

m 

16.1600e-15, 

2.571 1e+01 

+ 

18.0464e-16, 

4.56890-18 

d 

(1.2545e+01 

- 

13.2742e-15, 

2.4667e+01 

- 

11.0797e-15, 

3.19780-15 

Solution  6 

a 

(7.0000e+00 

+ 

11.1752e-32, 

1.6621e+01 

+ 

12.39150-15, 

4.07260-15 

b 

(1.0722e+01 

+ 

14.7709e-16, 

1 .6969e+01 

+ 

11.44230-15, 

3.61500-15 

c 

(2.371 1e+01 

+ 

16.1600e-15, 

2.571 1e+01 

- 

18.04640-16, 

4.56890-18 

d 

(1.2545e+01 

+ 

13.2742e-15, 

2.4667e+01 

+ 

11.07970-15, 

3.19780-15 

Solution  7 

a 

(7.0000e+00 

- 

13.0085e-30, 

-2.4983e+02 

+ 

13.05630-14, 

-3.06080-14 

b 

(4.9982e+00 

+ 

11.3779e-16, 

-2.7198e+02 

+ 

13.99120-14, 

-3.99690-14 

c 

(6.9900e+01 

- 

11.0871e-14, 

7.1900e+01 

- 

11.56420-13, 

1.55020-13 

d 

(7.5905e+01 

- 

11.9978e-14, 

1 .3836e+02 

- 

12.32380-13, 

2.31790-13 

Solution  8 

a 

(7.0000e+00 

+ 

13.0085e-30, 

-2.4983e+02 

- 

13.05630-14, 

-3.06080-14 

b 

(4.9982e+00 

- 

11.3779e-16, 

-2.7198e+02 

- 

13.99120-14, 

-3.99690-14 

c 

(6.9900e+01 

+ 

11.0871e-14, 

7.1900e+01 

+ 

11.56420-13, 

1.55020-13 

d 

(7.5905e+01 

+ 

11.9978e-14, 

1 .3836e+02 

+ 

12.32380-13, 

2.31790-13 

Solution  9 

a 

(7.0000e+00 

+ 

11.9847e-17, 

1.3255e+01 

+ 

11.53630+00, 

-4.95470+00 

+ 

+ 


+ 


+ 


+ 

+ 


+ 

+ 


+ 


19.7600e+00) 

16.6018e+00) 

18.4026e+00) 

11.0723e+00) 


19.7600e+00) 

16.6018e+00) 

18.4026e+00) 

11,0723e+00) 


12.4947e+02) 

12-7162e+02) 

17.8305e+01) 

11.4477e+02) 


12.4947e+02) 

12.7162e+02) 

17.8305e+01) 

11.4477e+02) 


14-1102e+00) 


Q.  O 
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b 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


(5,7830e+00  - 
(1.2356e+01  - 
(1,6007e+01  - 

Solution  10 
(7,0000e+00  + 
(5,7830e+00  + 
(1.2356e+01  + 
(1.6007e+01  + 

Solution  11 
(7.0000e+00  - 
(5.7830e+00  + 
(1.2356e+01  + 
(1.6007e+01  + 

Solution  12 
(7-OOOOe+OO  + 
(5.7830e+00  - 
(1. 23560+01  - 
(1.60070+01  - 

Solution  13 
(7.00000+00  + 
(4.85860+00  - 
(6.46560+00  + 
(1.28900+01  + 

Solution  14 
(7.00000+00  + 
(4.85860+00  + 
(6.46560+00  - 
(1.28900+01  - 

Solution  15 
(7.00000+00  + 
(4.85860+00  + 
(6.46560+00  - 
(1.28900+01  - 

Solution  16 
(7.00000+00  + 
(4.85860+00  - 
(6.46560+00  + 
(1.28900+01  + 

Solution  17 
(7.00000+00  - 
(1.07790+01  - 
(2.90800+01  - 
(1.77430+01  - 

Solution  18 
(7.00000+00  + 
(1.07790+01  + 
(2.90800+01  + 
(1.77430+01  + 

Solution  19 
(7.00000+00  + 
(1.07790+01  + 
(2.90800+01  + 
(1.77430+01  + 

Solution  20 
(7.00000+00  - 
(1.07790+01  - 
(2.90800+01  - 
(1.77430+01  - 


7.94530-01 

3.01240+00 

6.28860-01 


0.00000+00 

7.94530-01 

3.01240+00 

6.28860-01 


2.47150-16 

7.94530-01 

3.01240+00 

6.28860-01 


2.47150-16 

7.94530-01 

3.01240+00 

6.28860-01 


0.00000+00 
1 .09780+00 
7.71740-01 
4.06500+00 


2.27300-16 

1.09780+00 

7.71740-01 

4.06500+00 


5.07530-16 
1 .09780+00 
7.71740-01 
4.06500+00 


4.94300-16 
1 .09780+00 
7.71740-01 
4.06500+00 


4.06020-15 

9.25770-02 

1.54320+01 

1.51550+01 


1.17570-14 

9.25770-02 

1.54320+01 

1.51550+01 


4.48370-15 

9.25770-02 

1.54320+01 

1.51550+01 


4.48370-15 

9.25770-02 

1.54320+01 

1.51550+01 


1.36960+01  + 
1.43560+01  - 
1.30350+01  - 


1.32550+01  - 
1.36960+01  - 
1.43560+01  + 
1.30350+01  + 


1.32550+01  - 
1.36960+01  - 
1.43560+01  + 
1.30350+01  + 


1.32550+01  + 
1.36960+01  + 
1.43560+01  - 
1.30350+01  - 


8.89780+00  - 
1.07900+01  - 
8.46560+00  + 
2.78990+00  + 


8.89780+00  + 
1.07900+01  + 
8.46550+00  - 
2.78990+00  - 


8.89780+00  + 
1.07900+01  + 
8.46560+00  - 
2.78990+00  - 


8.89780+00  - 
1.07900+01  - 
8.46560+00  + 
2.78990+00  + 


1.92280+01  - 
1.75800+01  - 
3.10800+01  - 
3.60250+01  - 


1.92280+01  + 
1.75800+01  + 
3.10800+01  + 
3.60250+01  + 


1.92280+01  + 
1.75800+01  + 
3.10800+01  + 
3.60250+01  + 


1.92280+01  - 
1.75800+01  - 
3.10800+01  - 
3.60250+01  - 


2.00290+00 

3.01240+00 

4.41220+00 


1 .53630+00 
2.00290+00 
3.01240+00 
4.41220+00 


1.53630+00 

2.00290+00 

3.01240+00 

4.41220+00 


1 .53630+00 
2.00290+00 
3.01240+00 
4.41220+00 


4.34840+00 

5.58330+00 

7.71740-01 

4.47650+00 


4.34840+00 

5.58330+00 

7.71740-01 

4.47650+00 


4.34840+00 

5.58330+00 

7.71740-01 

4.47650+00 


4.34840+00 

5.58330+00 

7.71740-01 

4.47650+00 


4.72910+01 

4.14910+01 

1.54320+01 

3.28310+01 


4.72910+01 

4.14910+01 

1.54320+01 

3.28310+01 


4.72910+01 

4.14910+01 

1.54320+01 

3.28310+01 


4.72910+01 

4.14910+01 

1.54320+01 

3.28310+01 


-6.84160+00  + 
-1.14670+01  + 
-5.80640+00  - 


-4.95470+00  - 
-6.84160+00  - 
-1.14670+01  - 
-5.80640+00  + 


4.95470+00  + 
6.84160+00  + 
1.14670+01  + 
5.80640+00  - 


4.95470+00  - 
6.84160+00  - 
1.14670+01  - 
5.80640+00  + 


1.14920+01  + 
1.14800+01  + 
3.84650+00  + 
3.88260+00  - 


1.14920+01  - 
1.14800+01  - 
3.84650+00  - 
3.88260+00  + 


-1.14920+01  + 
-1.14800+01  + 
-3.84650+00  + 
-3.88260+00  - 


-1.14920+01  - 
-1.14800+01  - 
-3.84650+00  - 
-3.88260+00  + 


4.89200+01  + 
4.39570+01  + 
2.32460+01  + 
3.81350+01  + 


4.89200+01  - 
4.39570+01  - 
2.32460+01  - 
3.81350+01  - 


-4.89200+01  + 
-4.39570+01  + 
-2.32460+01  + 
-3.81350+01  + 


-4.89200+01  - 
-4.39570+01  - 
-2.32460+01  - 
-3.81350+01  - 


4.73150+00) 

8.63830-01) 

1.00020+00) 


4.11020+00) 

4.73150+00) 

8.63830-01) 

1.00020+00) 


4.11020+00) 

4.73150+00) 

8.63830-01) 

1.00020+00) 


4.11010+00) 

4.73150+00) 

8.63830-01) 

1.00020+00) 


3.36670+00) 

4.56460+00) 

3.02330+00) 

5.70430-01) 


3.36670+00) 

4.56460+00) 

3.02330+00) 

5.70430-01) 


3.36670+00) 

4.56460+00) 

3.02330+00) 

5.70430-01) 


3.36670+00) 

4.56460+00) 

3.02330+00) 

5.70430-01) 


1.85870+01) 

1.65910+01) 

2.00230+01) 

2.60130+01) 


1.85870+01) 

1.65910+01) 

2.00230+01) 

2.60130+01) 


1.85870+01) 

1.65910+01) 

2.00230+01) 

2.60130+01) 


1.85870+01) 

1.65910+01) 

2.00230+01) 

2.60130+01) 
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a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


a 

b 


c 

d 


Solution  21 
(7.0000e+00  + 
(2.9845e+00  - 
(6.3156e+00  - 
(1.8362e+01  + 

Solution  22 
(7.0000e+00  - 
(2.9845e+00  + 
(6.3156e+00  + 
(1.8362e+01  - 

Solution  23 
(7-OOOOe+OO  + 
(2.9845e+00  + 
(6.3156e+00  + 
(1,8362e+01  - 

Solution  24 
(7-OOOOe+OO  - 
(2.9845e+00  - 
(6,3156e+00  - 
(1,8362e+01  + 


i4.4273e-17, 

i2.4724e+00, 

i2.0730e-02, 

i7.3963e+00. 


i1.5860e-17, 

i2.4724e+00, 

i2.0730e-02, 

i7.3963e+00. 


i4.7581e-17, 

i2.4724e+00, 

i2.0730e-02, 

i7.3963e+00. 


i6.3441e-17, 

i2.4724e+00, 

i2,0730e-02, 

i7.3963e+00. 


1.2987e+01  + 
1,3330e+01  - 
8.3156e+00  - 
7,2875e+00  + 


1,2987e+01  - 
1.3330e+01  + 
8.3156C+00  + 
7.2875e+00  - 


1.2987e+01  - 
1.3330e+01  + 
8.3156e+00  + 
7.2875e+00  - 


1.2987e+01  + 
1-3330e+01  - 
8,3156e+00  - 
7,2875e+00  + 


i3.1571e-01, 

i1.7956e+00, 

i2.0730e-02, 

i6.3131e+00. 


i3.1571e-01, 

i1,7956e+00, 

i2.0730e-02, 

i6.3131e+00. 


i3.1571e-01, 

i1.7956e+00, 

i2.0730e-02, 

i6.3131e+00. 


i3.1571e-01, 

i1.7956e+00, 

i2.0730e-02, 

i6,3131e+00. 


3.6961e+00  - 
7.9670e-01  + 
5.2264e-01  - 
9.2207e+00  - 


3.6961e+00  + 
7.9670e-01  - 
5.2264e-01  + 
9,2207e+00  + 


-3.6961e+00  - 
-7.9670e-01  + 
-5.2264e-01  - 
-9.2207e+00  - 


-3.6961e+00  + 
-7,9670e-01  - 
-5,2264e-01  + 
-9,2207e+00  + 


i1.1093e+00) 

i2.0652e+00) 

i6.0959e-01) 

i1.0133e+01) 


i1.1093e+00) 

i2.0652e+00) 

i6.0959e-01) 

i1.0133e+01) 


i1,1093e+00) 

i2.0652e+00) 

i6,0959e-01) 

i1.0133e+01) 


1.1093e+00) 

2.0652e+00) 

6-0959e-01) 

1.0133e+01) 


4.4.2  Case  4-5-C 


The  dimensions  of  the  top  and  base  platforms  were  defined  by  the  following 
coordinates  of  the  vertices  (see  Fig.  4.9)  in  two  different  reference  systems  for  the 
top  and  base  platforms: 


a (0,  0,  0), 

A (0,  0,  0), 

b (2,  0,  0), 

B (12,  0,  0), 

c (4,  4,  0), 

C (20,  10,  -1), 

d (-2,  4,  0), 

D (10,  20,  -3), 

E (0,  14,  0). 

The  leg  lengths  were  as  follows: 

Aa  = 15.16575, 

Cb  = 17.05872 

Ba  = 14.35270, 

Dc  = 14.79865 
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Bb  = 15.68439,  Dd  = 16.43168. 

By  using  the  formulation  of  the  forward  analysis  presented  in  Section  4.2.3,  the 
coefficients  of  the  three  equations  (4.23)  were  determined  using  the  above 
dimensions.  The  coefficients  are  listed  in  Table  4.4. 


Table  4.4  Coefficients  of  (4.23)  for  Case  4-5-C 


= 1.27076z^  - 0.65875, 
hi  = -1.13853Z, 

Cl  = 1.92645z^  - 0.39968, 
di  = -1.12000z, 

Cl  = 1.29003z^  + 0.50969, 


02  = 3.33 185z"  + 0.57 127z  - 0.47663, 
hj  = -0.01833z^  + 0.24441Z  + 0.01833, 
Cj  = 3.27782z"  + 0.55850z  - 0.44552, 
d2  = 0.12066z^  - 1.60890Z  - 0.12066, 
C2  = 0.71129z"  + 0.16814Z  - 0.40967, 


/i  = 1.12000Z, 


f2  = -0.12066z^  + 1.60890Z  + 0.12066, 


^1  = 
hi  = 

h = 


0.94937z^  - 0.40700,  g2  = 2.53960z"  + 0.44777z  - 0.44556, 

0.26608Z,  h2  = -0.16966z"  + 2.26216z  + 0.16966, 

0.796 13z^  - 0.46755,  = 2.03955z"  + 0.32956z  - 0.15755, 

g3  = 1.22068z^  + 0.15209Z  - 0.30027, 

/i3  = -0.01561z^  + 0.31236Z  + 0.01561, 

73  = 1.28339z^  + 0.14121Z  - 0.12875. 


The  coefficients  in  Table  4.4  were  used  as  the  entries  of  the  16x16  matrix  M 
in  (4.25).  Expanding  the  eliminant  | M | by  using  (4.32),  the  following  polynomial 
equation  was  obtained: 
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+ 0.46615z^^  + 13.18789  + 6.15424  z^’  + llSfl&l\  z“ 

+ 50.80789  z^’  + 198.95912  z^‘‘+  188.29800  z“  + 136.94156  z^ 

+ 303.84657  z“  - 228.42892  z“  - 622.99122  z^^  + 73.71978  z^“ 

+ 445.22852  z‘’  + 15.29718  z‘«  - 180.40027  z"  - 18.39950  z“ 

+ 46.92069  z^  + 6.43884  z^^  - 8.13726  z“  - 1.26738  z“ 

+ 0.93742  z“  + 0.15209  z"*  - 0.069706  z’  - 0.010887  z* 

+ 0.0031998  -a  + 4.21372610"^  z'^  - 8.79984el0  " z" 

- 6.76736el0^  z^  + 1.59803el0'^  z^  + 4.03896el0^  z^ 

- 1.06452el0-*  z + 4.27691el0  “ = 0. 

This  polynomial  equation  has  the  following  32  roots: 

z = -0.58555,  -0.38441,  0.39388,  0.44536, 

(-0.83867  ± i2. 15579),  (-0.58914  ± i0.07489),  (-0.52010  ± iO. 17587), 
(-0.46674  ± i2.22614),  (-0.42348  ± i0.09766),  (-0.25284  ± i0.03833), 
(-0.18077  ± i0.00391),  (0.04690  ± i0.03172),  (0.12204  ± i0.07796), 
(0.42824  ± i0.20122),  (0.51010  ± i0.15704),  (0.80819  ± i2.11023), 
(0.87061  ± il.76248),  and  (0.31794  ± i0.08123). 

A pair  of  values  x and  y in  (4.23)  were  obtained  by  using  (4.30)  for  each  z.  Using 
these  solutions,  the  locations  of  the  top  platform  were  determined  in  a reference 
system  whose  origin  is  at  A.  (See  Fig.  4.9.)  B lies  on  the  x axis,  and  E is  in  the  xy 
plane.  Tables  4.5  shows  the  coordinates  of  the  vertices  a,  b,  c,  and  d.  It  can  be  seen 
that  for  the  dimensions  given  in  this  example,  four  real  and  twenty-eight  complex 
assembly  configurations  were  found.  For  conciseness,  only  one  solution  for  every  pair 
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of  complex  conjugate  solutions  is  presented  in  Table  4.5. 


It  has  been  verified  by  a reverse  displacement  analysis  that  all  the  32  solutions 


reproduced  the  correct  edge  lengths  with  at  least  7 digit  accuracy. 


Table  4.5  Coordinates  of  the  Vertices  of  the  Top  Platform  of  Case  4-5-C 


Solution  1 

Solution  2 

a 

(7,0000e+00, 

6.5835e+00, 

-1.1733e+01) 

(7.0000e+00, 

9.9894e+00, 

-9.0117e+00) 

b 

(7,8442e+00, 

8.0439e+00, 

-1.2807e+01) 

(5.1121e+00, 

1.0580e+01, 

-9.3075e+00) 

c 

(1,2237e+01, 

8.6599e+00, 

-1,2241e+01) 

(3.9506e+00, 

1.1531e+01, 

-1-3520e+01) 

d 

(9.7047e+00, 

4.2787e+00, 

-9,0175e+00) 

(9,6143e+00, 

9,7603e+00, 

-1.2633e+01) 

Solution  3 

Solution  4 

a 

(7.0000e+00, 

9.8398e+00, 

9.1749e+00) 

(7.0000e+00, 

9-OOOOe+OO, 

1.0000e+01) 

b 

(6.1126e+00, 

1.1588e+01, 

8.7786e+00) 

(7.0000e+00, 

1.1000e+01, 

1.0000e+01) 

c 

(7.7945e+00, 

1.5193e+01, 

1.0821e+01) 

(1.1000e+01, 

1.3000e+01, 

1.0000e+01) 

d 

(1.0457e+01, 

9.9491e+00, 

1,2010e+01) 

(1.1000e+01, 

7,0000e+00, 

1.0000e+01) 

Solution  5 


a 

( 

7.0000e+00 

+ 

i9.8860e-16. 

-1.70970+01 

- 

i4. 47480+00,  -6.59130+00 

+ 

i 1.16070+01) 

b 

( 

2.7996e+01 

- 

i3.7407e+00. 

-7.53360+00 

+ 

i 1.97780+00,  -7.36500+00 

- 

i 1.01480+01) 

c 

( 

3,9760e+01 

- 

i4.2892e+01. 

9.83260+00 

- 

i9. 65810+00,  -4.65370+01 

- 

i2. 70640+01) 

d 

( 

-2.3230e+01 

- 

i3.1670e+01. 

-1.88570+01 

- 

i2.9O160+O1,  -4.42150+01 

+ 

i3. 82010+01) 

Solution  6 

a 

( 

o 

o 

+ 

0) 

o 

o 

o 

o 

i 

+ 

iO.OOOOe+00, 

6.51780+00 

- 

i 1.31380+00,  -1.18640+01 

- 

i7. 21760-01) 

b 

( 

6.7387e+00 

+ 

i1.3114e+00. 

9.01580+00 

- 

i 1.19740+00,  -1.19330+01 

- 

i 1.48290+00) 

c 

( 

2.0241e+00 

+ 

i2.7503e+00. 

1.14210+01 

+ 

i9. 57780-01,  -1.29700+01 

- 

i3. 02420+00) 

d 

( 

2.8079e+00 

- 

i1,1840e+00. 

3.92710+00 

+ 

i6. 08570-01,  -1.27660+01 

- 

i7. 40600-01) 

Solution  7 

a 

( 

7.0000e+00 

- 

i2.5376e-16. 

7.79050+00 

- 

i3. 13530+00,  -1.16010+01 

- 

i 2. 10560+00) 

b 

( 

5.3942e+00 

+ 

i1.7710e+00. 

1.02300+01 

- 

i 1.69180+00,  -1.05490+01 

- 

i2. 74960+00) 

c 

( 

2.0779e+00 

- 

i1.5682e+00. 

7.25440+00 

+ 

i 1 . 63600+00 , -5.81 220+00 

- 

i2. 99720+00) 

d 

( 

6.8952e+00 

- 

i6.8811e+00. 

-6.34680-02 

- 

i2. 69470+00,  -8.96770+00 

- 

i 1.06500+00) 

Solution  8 

a 

( 

7,0000e+00 

- 

i2.5377e-16. 

-1.89530+01 

- 

i3. 05710+00,  -4.23900+00 

+ 

i 1.36680+01) 

b 

( 

2.8589e+01 

- 

i2.3616e+00. 

-7.72350+00 

+ 

i8. 74480-01,  -4.52600+00 

- 

i 1.01480+01) 

c 

( 

4.0681e+01 

- 

i2.8290e+01. 

8.07600+00 

- 

i8. 37170+00,  -3.07690+01 

•• 

i2. 76620+01) 

d 

( 

-2.4085e+01 

- 

i2.1205e+01. 

-2.56100+01 

- 

i2. 01670+01,  -2.99080+01 

+ 

i4.37860+O1) 

Solution  9 

a 

( 

7.0000e+00 

- 

i1. 13650-16, 

9.43350+00 

- 

i 1 .61850+00,  -9.85040+00 

- 

i 1.55000+00) 

b 

( 

7.0057e+00 

+ 

i 1.53050+00, 

8.76630+00 

- 

i 1.38540+00,  -1.22910+01 

- 

i 1.61 000+00) 

c 

( 

1.3919e+01 

+ 

i 8. 17490+00, 

1.24880+01 

- 

i4. 07750+00,  -1.87030+01 

+ 

i3. 99070+00) 

d 

( 

1.3902e+01 

+ 

i 3. 58320+00, 

1.44900+01 

- 

i4. 77660+00,  -1.13820+01 

+ 

i4. 17100+00) 

Solution  10 

a 

( 

7,0000e+00 

- 

i2. 84130-17, 

1.18630+01 

- 

i4. 61930-01,  -6.41890+00 

- 

i8. 53740-01) 

b 

( 

4.0870e+00 

+ 

i 1.1 9060+00, 

1.15410+01 

- 

i1. 25530+00,  -7.89650+00 

- 

i3. 02770+00) 

c 

< 

4.5420e+00 

+ 

i 6. 97660+00, 

9.99890+00 

- 

i3. 58070-01,  -1.50890+01 

- 

i 2. 85400+00) 

d 

( 

1,3281e+01 

+ 

i 3. 40470+00, 

1 .09670+01 

+ 

i2. 02200+00,  -1.06560+01 

+ 

i 3. 66800+00) 

Solution  11 

a 

( 

7.0000e+00 

- 

i3. 96500-18, 

1.26020+01 

- 

i3. 57010-02,  -4.71040+00 

- 

i9.55150-O2) 

b 

( 

3.4200e+00 

- 

i6. 32830-01, 

1.23220+01 

+ 

i7. 85140-01,  -5.41620+00 

+ 

i2. 78870+00) 

c 

( 

4.2614e+00 

- 

i7. 39610+00, 

7.41920+00 

+ 

i3. 01560+00,  -1.25820+01 

+ 

i4. 68430-01) 

d 

( 

1.5001e+01 

- 

i5. 49760+00, 

8.25940+00 

+ 

i5. 53100-01,  -1.04650+01 

- 

i8. 18430+00) 

Solution  12 


a 

( 

7.00000+00 

+ 

i3. 13810-18, 

1.34210+01 

+ 

i7. 98720-02, 

1 .26300+00 

- 

b 

( 

3.00270+00 

- 

i7. 64930-01, 

1.34120+01 

+ 

i 1.78460-01, 

2.13980+00 

- 

c 

( 

6.94410+00 

- 

i 3. 92080+00, 

7.88740+00 

+ 

i 1.78570+00, 

6.09040+00 

+ 

d 

( 

1 .89360+01 

- 

i 1.62600+00, 

7.91580+00 

+ 

i 1.48990+00, 

3.45980+00 

+ 

Solution  13 

a 

( 

7.00000+00 

- 

i5. 84800-17, 

1 .32090+01 

+ 

i5. 02980-01, 

3.29320+00 

- 

b 

( 

3.60710+00 

- 

i 1.71930+00, 

1.32450+01 

+ 

i8. 82890-01, 

5.30390+00 

m 

c 

( 

6.54810+00 

- 

i 7. 70380+00, 

1.52010+01 

- 

i 1.15360+00, 

1.27760+01 

- 

d 

( 

1 .67270+01 

- 

i 2. 54600+00, 

1.50940+01 

- 

i2. 29330+00, 

6.74380+00 

+ 

Solution  14 

a 

( 

7.00000+00 

+ 

i6. 07950- 16, 

9.56580+00 

+ 

i3. 47130+00, 

1.05570+01 

- 

b 

( 

5.28730+00 

- 

i 2. 30270+00, 

1.22290+01 

+ 

i 1.45510+00, 

8.59010+00 

- 

c 

( 

2.91230+00 

+ 

i5. 44960-01, 

8.52470+00 

- 

i 1.92710+00, 

3.93020+00 

- 

d 

( 

8.05040+00 

+ 

i 7. 45300+00, 

5.34580-01 

+ 

i4. 12180+00, 

9.82940+00 

- 

Solution  15 

a 

( 

7.00000+00 

- 

i 1.33500- 16, 

7.96390+00 

+ 

i 2. 77730+00, 

1.13610+01 

- 

b 

( 

6.35850+00 

i 2. 66960+00, 

1.15320+01 

+ 

i 1.78570+00, 

1.01860+01 

- 

c 

( 

6.93280-01 

- 

i5.437l0+OO, 

1.53450+01 

- 

i 2. 391 50+00, 

9.98480+00 

- 

d 

( 

2.61780+00 

+ 

i 2. 571 70+00, 

4.64180+00 

+ 

i5. 83410-01, 

1.35100+01 

am 

Solution  16 

a 

( 

7.00000+00 

+ 

i5. 60460-16, 

-1.73220+01 

+ 

i4. 71290+00, 

6.81870+00 

+ 

b 

( 

2.92360+01 

+ 

i2. 40160+00, 

-7.21520+00 

- 

i 3. 02230+00, 

5.74070+00 

- 

c 

( 

5.84980+01 

+ 

i2. 91820+01, 

+1.91620+01 

- 

i3. 47290+00, 

2.73120+01 

- 

d 

( 

-8.21170+00 

+ 

i2. 19770+01, 

-1.11590+01 

+ 

i 1.97330+01, 

3.05460+01 

+ 

Solution  17 

a 

( 

7.00000+00 

+ 

i4. 01680-16, 

-1.66820+01 

+ 

i7.349l0+OO, 

1.01410+01 

+ 

b 

( 

2.77610+01 

+ 

i 2. 95940+00, 

-5.85100+00 

«• 

i 3. 23270+00, 

7.57750+00 

- 

c 

( 

5.08920+01 

+ 

i4. 27290+01, 

2.47490+01 

+ 

i7. 12300-01, 

4.09850+01 

- 

d 

( 

-1.13900+01 

+ 

i3. 38510+01, 

-7.74580+00 

+ 

i3. 24570+01, 

4.86770+01 

+ 

Solution  18 

a 

( 

7.00000+00 

+ 

i1. 20270-16, 

1.10760+01 

+ 

i 1.1 5770+00, 

7.89310+00 

- 

b 

( 

7.06300+00 

- 

i 1.32970+00, 

1 .09800+01 

+ 

i9. 03770-01, 

1.03060+01 

m 

c 

( 

1 .94700+01 

- 

i7. 64390+00, 

1.61740+01 

+ 

i9. 66690+00, 

1 .44840+01 

+ 

d 

( 

1.92810+01 

- 

i 3. 65480+00, 

1 .64620+01 

+ 

i 1.04290+01, 

7.24660+00 

+ 
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8.4878e-01) 

4-3348e+00) 

1-0613e+00) 

1-1519e+01) 


2.0174e+00) 

4,9253e+00) 

2.0366e+00) 

6.6869e+00) 


3.1456e+00) 

3.8709e+00) 

2.6336e+00) 

4.5760e-01) 


1 .9468e+00) 
3.5001e+00) 
4,7542e+00) 
9.4191e-02) 


1.1973e+0l) 

1.1009e+01) 

4,6786e+01) 

2.2161e+01) 


1.2089e+01) 

8.6516e+00) 

3.9802e+01) 

2.2421e+01) 


1 .62460+00) 
1.59990+00) 
6.25530+00) 
6.18150+00) 


CHAPTERS 

A SURVEY  OF  OTHER  CLASSES  OF 
IN-PARALLEL  PLATFORMS 

5.1  Introduction 

This  study  deals  with  the  In-parallel  Platform  mechanisms  whose  six  legs  meet 
either  singly  or  pair-wise  at  the  vertices  of  the  top  and  base  platforms.  In  Chapters 
3 and  4,  the  displacement  analysis  of  all  the  cases  of  the  4-4  and  4-5  Platforms,  in 
which  the  six  legs  connected  at  four  or  five  distinct  points  in  the  top  and  base 
platforms,  were  performed  successfully.  However,  some  other  classes  of  the  In- 
parallel Platforms  with  different  numbers  of  connection  points  are  also  worth 
investigating.  Apart  from  the  4-4  and  4-5  Platforms,  there  are  eight  classes,  namely 
the  3-3, 3-4,  3-5, 3-6, 4-6, 5-5, 5-6,  and  6-6  Platforms.  The  3-3  and  3-6  Platforms  have 
been  analyzed  by  some  researchers  as  mentioned  in  Section  3.1.  In  the  following 
sections,  the  3-4,  3-5,  4-6,  5-5,  5-6,  and  6-6  Platforms  are  investigated. 

All  the  In-parallel  Platforms  which  have  three  connection  points  in  the  top 
platforms  can  be  easily  analyzed  by  using  constructions  if  the  bases  of  the  Platforms 
are  nonplanar.  Griffis  and  Du^  (1989)  modeled  a 3-6  Platform  by  a 3-3  Platform 
using  construction.  When  the  number  of  connection  points  is  more  than  four,  the 
number  of  the  skew-quadrilaterals  of  the  skew-octahedron  embedded  in  the 
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mechanisms  increases.  It  follows  that  the  numbers  of  unknowns  and  the  nonlinear 
equations  used  in  the  analysis  increase.  As  a result,  the  analysis  of  those  mechanisms 
is  much  more  complicated  and  in  most  cases  impossible.  Nevertheless,  for  some  cases 
which  have  certain  kinds  of  sequences  of  the  triangles  and  skew-quadrilaterals  around 
the  top  platforms,  their  displacement  analysis  problems  can  be  solved  by  using 
constructions  and  a model  introduced  in  Chapter  2. 


5.2  The  3-4  and  3-5  Platforms 


There  is  only  one  kind  of  leg  arrangement  for  each  of  the  3-4  and  3-5 
Platforms.  Their  leg  arrangements  are,  respectively,  represented  by  T-T-T-T-T-Q  and 
T-T-T-Q-T-Q  as  illustrated  in  Fig.  5.1. 


(b) 

(b)  The  3-5  Platform 


Since  there  are  many  triangles  embedded  within  the  mechanisms,  many 
dihedral  angles  (or  variables)  are  available  for  formulating  the  analysis.  It  is  believed 
that  there  are  more  than  one  way  to  analyze  these  mechanisms.  [Indeed  the  3-6 
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Platform,  which  is  more  general  than  the  3-4  and  3-5  Platforms,  was  analyzed  in 
several  papers  (see  Section  1.2)  using  different  approaches].  Here  constructions  are 
used  to  analyze  the  3-4  and  3-5  Platforms  for  the  purpose  of  simplicity. 

Figure  5.2  shows  the  3-4  and  3-5  Platforms  with  constructions.  Assuming  that 
the  bases  of  the  Platforms  are  planar  and  the  base  edges  AB,  CD  are  not  parallel. 
Also  for  the  3-5  Platform,  CD  and  AE  are  not  parallel.  The  lengths  of  the  edges  of 
the  bases  can  be  extended  to  form  triangular  bases.  The  extension  lines,  the  lengths 
of  the  six  legs,  and  the  length  of  the  bases  are  knowns.  Then  the  "virtual"  connecting 
leg  lengths,  Fb,  Fc,  Ga,  and  Gc  can  be  uniquely  determined.  Thus,  a "virtual"  3-3 
Platform  is  created  for  each  of  the  3-4  and  3-5  Platforms.  It  follows  that  the  3-4  and 
3-5  Platforms  are  geometrically  similar  to  the  3-3  Platform.  The  maximum  number 
of  assembly  configurations  of  the  Platforms  is  16. 


Fig  5.2  Constructions  for  the  3-4  and  3-5  Platforms 
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5.3  The  4-6  Platforms 

Similar  to  the  4-4  Platforms  , the  4-6  Platforms  are  classified  into  two  cases 
according  to  the  arrangements  of  the  "triangle"  and  "skew-quadrilaterals"  around  the 
top  platforms.  Figure  5.3  illustrated  the  top  views  of  the  two  cases  of  the  4-6 
Platforms.  Each  case  has  a different  sequence  of  the  triangles  T and  skew- 
quadrilaterals  Q around  the  top  platform.  For  Cases  4-6-A  and  4-6-B,  the  leg 
arrangements  are  represented  by  T-Q-T-Q-Q-Q  and  T-Q-Q-T-Q-Q.  Both  of  the  cases 
contain  two  legs  which  are  singly  connected  at  the  vertices  of  both  the  top  and  base 
platforms. 


(a)  Case  4-6-A  (b)  Case  4-6-B 

Fig.  5.3  The  Two  Cases  of  4-6  Platforms  (Top  Views) 


5.3.1  Case  4-6-A  a T-O-T-O-O-O  Platform 


Construction  can  be  used  to  model  a Case  4-6-A  Platform  by  a Case  4-5-C 
Platform  provided  that  the  two  base  edges  of  the  triangles  lie  in  a plane  and  are  not 
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parallel.  A "virtual"  Case  4-5-C  Platform  of  Case  4-6-A  is  shown  in  Fig.  5.4. 


Fig.  5.4  A "Virtual"  Case  4-5-C  Platform  of  Case  4-6-A 

The  two  base  edges  AF  and  BC  are  extended  to  meet  at  point  G so  that  the 
hexagonal  base  becomes  a pentagonal  base  with  vertices  G,  C,  D,  E,  and  F.  The 
"virtual"  leg  lengths  Ga  and  Gb  can  be  uniquely  determined  by  using  the  cosines  law 
for  the  triangles  AAGa  and  ABGb.  Neglecting  the  two  redundant  legs  Aa  and  Bb,  it 
can  be  seen  that  the  "virtual"  Case  4-5-C  Platform  consists  of  a quadrilateral  top 
abed,  a pentagonal  base  GCDEF,  and  six  legs,  Ga,  Gb,  Cb,  Dc,  Ed,  and  Fa. 
(Compare  Figs.  5.4  with  4.9.) 

The  displacement  analysis  of  Case  4-5-C  Platform  was  presented  in  Section 
4.2.3.  By  using  the  results  of  that  analysis,  it  can  be  deduced  that  the  displacement 
analysis  of  Case  4-6-A  Platform  will  result  in  a 32  degree  polynomial  in  a tan-half- 
angle of  the  dihedral  angle  between  two  faces  of  the  skew-octahedron  embedded 
within  the  mechanism.  Accordingly,  there  are  a maximum  of  thirty-two  real  assembly 
configurations  for  Case  4-6-A  Platform.  Therefore,  this  Case  4-6-A  Platform  is 
geometrically  similar  to  the  Case  4-5-C  Platform. 
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5.3.2  Case  4-6-B.  a T-O-O-T-O-O  Platform 

Figure  5.5  illustrates  a Case  4-6-B  Platform  with  construction.  The  two 
"virtual"  legs  aG  and  cG  replace  legs  aB  and  cD  respectively.  Three  variables,  02,  63, 
and  64,  are  chosen  for  the  formulation  of  three  equations.  The  variable  62  is  the 
dihedral  angle  between  AAaG  and  the  base,  63  is  the  dihedral  angle  between  AAaG 
and  AaGc,  and  64  is  the  dihedral  angle  between  AaGc  and  Aacd. 

E 


Fig.  5.5  Case  4-6-B  with  Construction 


The  formulation  of  the  three  equations  is  similar  to  that  for  Case  4-5-C.  Two 
of  the  necessary  three  equations  contain  all  the  three  variables,  and  the  third  one 
contains  62  and  63  only.  All  the  three  equations  are  obtained  by  using  a serial  chain 
as  shown  in  Fig.  2.6.  The  three  equations,  which  are  derived  in  Section  2.3,  can  be 
expressed  in  the  form 

{a^  + hjX  + Ci)y^  + + e^x  + f^y  + gjX^  + = 0,  (5.1a) 

{a^  + &2X  + c^f  + (d^  + + Qy  + + 72  = 0,  (5.1b) 

gjx^  + /13X  + 73  = 0.  (5.1c) 
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where 


bi  = 2baZ, 

Cj  = Z^(Cj2  ~ Cjo)  + Cjo  + Cq, 


di  — 2djjZ, 

~ ^(^i2  “ ^io)  ^iO  ^i2> 

/i  ~ 

= Z^(^i2  - gio)  + ^iO  + fe 

hi  = 2/lijZ, 

;‘i  = z"0’i2  - /io)  + /io  + Ja,  and 


i = 1,  2,  and  3. 

Further,  the  variables  x,  y,  and  z are  tan-half-angles  of  63,  64,  and  02.  The  expressions 
of  the  coefficients  a^,  ba,  of  z are  listed  in  Table  2.1.  The  constants  S^, 

S55,  ^ii,  Cj2,  Sj2,  C45,  and  S45  in  the  expressions  of  the  coefficients  are  different  for  the 
three  equations. 


For  i = 1, 

Su  = fa, 

Cj2  = - cos(ZFAG), 

C45  = - cos(Zacd),  and 
For  i = 2, 


C12  = - cos(ZCAG), 


S55  — cd, 

Si2  = (1  - C^^f, 

S45  = (1  - 

S55  “ be, 

S12  = (1  - Cu  )^ 


^22  *“  bC, 
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C45  = - cos(Zbca),  and  S45  = (1  - €45^)^ 

For  i = 3, 

Sjj  — EA,  S55  = 0,  £33  = cE, 

C12  = - cos(ZEAG),  S12  = (1  - Ci2^)^ 

The  three  equations  in  (5.1)  were  used  for  deriving  a polynomial  equation  in 
z by  the  elimination  method  presented  in  Section  4.3.  The  expansion  of  the  eliminant 
(4.25)  resulted  in  a polynomial  equation  of  degree  32  in  z.  It  follows  that  there  are 
32  solutions  for  z and  a corresponding  32  pairs  of  solutions  for  x and  y.  All  the 
solutions  were  verified  by  a reverse  displacement  analysis  and  it  was  confirmed  that 
no  extraneous  roots  were  introduced.  Therefore,  there  are  a maximum  of  32 
assembly  configurations  for  Case  4-6-B. 

5.4  The  5-5  Platforms 

The  5-5  Platforms  are  classified  into  three  cases  according  to  their  leg 
arrangements.  The  leg  arrangements  of  the  three  cases  are,  respectively,  represented 
by  T-T-Q-Q-Q-Q,  T-Q-T-Q-Q-Q,  and  T-Q-Q-T-Q-Q.  The  top  views  of  the  three  cases 
are  illustrated  in  Fig.  5.6.  Among  these  three  cases.  Case  5-5-A  has  a feature  which 
is  distinct  from  the  other  two  cases.  It  can  be  seen  that  there  are  four  consecutive  Q’s 
around  the  top  platform.  It  follows  that  Case  5-5-A  contains  three  legs  which  have 
their  own  connection  points  at  the  vertices  of  both  the  top  and  base  platforms.  This 
feature  is  very  important  because  it  is  the  only  In-parallel  Platform  in  this  study  that 
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has  three  singly  connected  legs.  Fortunately,  this  case  can  be  analyzed  since  it  has 
two  triangles  T that  are  adjacent  to  each  other.  As  a result,  the  skew-octahedron 
embedded  in  the  mechanisms  contains  three  skew-hexahedra  which  can  be  modeled 
by  the  serial  chain  introduced  in  Chapter  2.  This  case  will  be  analyzed  in  this  section. 
It  should  be  mentioned  here  that  this  case  was  also  analyzed  by  Innocent!  and 
Parenti-Castelli  (1990).  The  other  two  cases.  Cases  5-5-B  and  5-5-C,  do  not  have  any 
of  the  features  which  allow  the  use  of  models  and  constructions.  Their  displacement 
analyses  problems  were  not  solved. 


(a)  Case  5-5-A 


(b)  Case  5-5-B  (c)  Case  5-5-C 

Fig.  5.6  The  Three  Cases  of  5-5  Platforms  (Top  Views) 
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The  displacement  analysis  of  Case  5-5-A  is  presented  in  the  following: 

As  mentioned  earlier.  Case  5-5-A  has  the  feature  that  the  top  platform  is 
connected  to  the  base  by  two  triangles  in  serial  fashion.  Three  variables,  Oj,  63,  and 
64,  are  the  dihedral  angles  which  are  used  to  determine  the  locations  of  the  top 
platform.  (See  Fig.  5.7.)  In  terms  of  solid  geometry,  the  skew-octahedron  embedded 
in  the  mechanisms  contains  three  distinct  skew-hexahedra  which  are  illustrated  in  Fig. 
5.8.  The  dihedral  angels  are  designated  as  shown  in  Fig.  5.8.  It  should  be  noted  that 
the  three  dihedral  angles,  Bj’s,  which  measure  the  elevation  of  triangular  faces  of  the 
three  skew-hexahedra  relative  to  the  base,  are  not  equal  if  the  base  of  the  skew- 
octahedron  is  not  planar.  Similarly,  the  three  dihedral  angles,  04’s,  between  triangular 
faces  of  the  three  skew-hexahedra  relative  to  the  top  platform  are  different  if  the  top 
platform  is  not  planar. 


Fig.  5.8  Case  5-5-A  Platform 

By  using  the  serial  chain  model  introduced  in  Section  2.3,  the  relationship 
between  the  three  dihedral  angles  in  each  of  the  three  skew-hexahedra  can  be 
obtained.  It  follows  that  three  equations  can  be  obtained  and  each  of  which  contain 
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all  the  three  variables  02,  63,  and  0, 


Fig.  5.8  Three  Skew-Hexahedra  of  Case  5-5-A 


The  three  equations  (i  = 1,  2,  and  3),  which  are  in  the  form  of  (2.6),  are 
expressed  again  as  follows, 

+ hjX  + c)f  + (djX^  + CjX  + /i)y  + + /ipc  + ji  = 0,  (5.2) 

where 

~ ^iO  ^2  ^i2>  ~ ^il  ^2,  Cj  ~ CjQ  C2  + Cj2, 

di  = rfjx  S2,  6j  — SjQ  C2  + Cj2,  /i  = fi\  S2, 

“ 5i0  ^ 8i2y  ~ ^il  ^2>  /i  ~ JiO  ^ Ji2‘ 

and  X and  y are,  respectively,  the  tan-half-angles  of  03  and  04.  Further,  the 

expressions  of  the  coefficients  ajo,  a^,  bn,  Cjo,  ...,  are  listed  in  Table  2.1.  These 

coefficients  are  different  for  the  three  equations  because  the  knowns,  S^,  S55,  £„,  Cj2, 


Si2,  C45,  and  S45  in  the  coefficients  have  different  definitions  as  follows. 
For  i = 1, 
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Sn  = EA, 


S55  — be, 


^11  ~ Ee, 


C12  = - cos(ZEAB), 


S12  = (1  - c^f. 


C45  = - cos(Zeba),  and  S45  = (1  - cjf. 


For  i = 2, 


S„  = DA, 


S55  = bd. 


£22  ~ Dd, 


Cj2  = - cos(ZDAB), 


2\'k 


S12  = (1  - ) 


2\'k 


C45  = - cos(Zdba),  and  S45  = (1  - C4s^) 


For  i = 3, 


Sn  = CA, 


S55  — be. 


^33  Cc, 


Cj2  = - cos(ZCAB), 


2\% 


Sj2  — (1  Cj2  ) 


'45 


- cos(Zcba),  and  S45  = (1  - cj’)'*. 


The  other  knowns,  S22,  S33,  S44,  C23,  S23,  C34,  and  S34,  are  the  same  for  all  the  three 


equations  (i  = 1,  2,  and  3)  and  they  are  given  by. 


S22  S33  Fa,  S44  — ab, 

C23  = - cos(ZABa),  and  S23  = - (1  - 

The  equation  set  (5.2)  can  be  solved  by  an  elimination  process  similar  to  that 
for  Case  4-5-C  presented  in  Section  4.3.  The  two  unknowns,  x and  y,  can  be 
algebraically  eliminated  in  a single  operation  by  devising  twenty-one  extra  equations 
as  follows: 

To  each  of  the  three  equations,  multiply  x,  y,  xy,  y^,  y^,  y^,  and  y^x  to  generate 
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twenty-one  equations.  Therefore,  together  with  the  original  equations,  a total  of 
twenty-four  equations  are  obtained  and  they  can  be  expressed  as 


M r = 0. 


(5.3) 


where 


r = [xy  xy  xy^  y^  xy  x^'*  xy*  xy  xy  xy^  y^ 

xy  x^  x^  xy  xy^  y^  x^  xy  y x^  X 1]’’, 
and  the  24x24  matrix  M is  given  by 


M' 


0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

bi 

d. 

1 

fi 

Si 

bi 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

d. 

t 

Si 

bi 

<^i 

0 

fi 

0 

bi 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

bi 

0 

0 

0 

di 

fi 

Si 

bi 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

bi 

^i 

0 

d. 

1 

Si 

0 

fi 

0 

bi 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

di 

fi 

0 

0 

0 

Si 

bi 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

di 

^i 

fi 

0 

Si 

0 

0 

b, 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

bi 

0 

di 

fi 

0 

Si 

K 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

d- 

1 

fi 

0 

8i 

bi 

Ji 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

where  i = 1,  2,  and  3. 

For  the  equation  set  (5.3)  to  have  nontrivial  solutions. 


determinant(M)  = 0. 


(5.4) 


Equation  (5.4)  is  the  condition  under  which  the  three  equations  (5.2)  have  a 
common  solution  for  x and  y.  The  eliminant  of  the  equation  set  is  then 
determinant(M)  which  will  be  written  as  | M | . 

Every  entry  of  the  24x24  matrix  M is  linear  in  cosines  or  sines  of  Sj.  It  follows 
that  a straight  expansion  of  the  eliminant  would  result  in  a expression  in  the  form 
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i = . 

j = 0,24 
i + j<  24 


(5.5) 


where  the  coefficients  Qj  depend  on  the  dimensions  of  the  mechanisms  only. 
Now,  by  substituting  the  identities 
Sa‘  = (1  - S2", 


(5.6) 


where 

1 < i < 16, 

V = quotient  of  i divided  by  2,  and 
u = remainder  of  i divided  by  2. 
Equation  (5.4)  can  be  expressed  as 


Specifically,  Qj  (for  i = 0,1;  j = 21,  22,  23,  and  24;  and  21  < i + j < 24)  are  set  to 
zeroes  because,  as  presented  in  the  following  numerical  example,  they  are  extremely 
small  comparing  to  the  other  coefficients.  Now,  expanding  S2  and  C2  in  terms  of  the 
tan-half-angle  z = tan(02/2),  (5.7)  becomes  a polynomial  equation  of  degree  40  in 
z.  Therefore,  for  a particular  set  of  the  dimensions  of  the  mechanism,  there  are  forty 
solutions  for  z and  a corresponding  forty  pairs  of  solutions  for  x and  y. 

A numerical  example  is  given  in  the  following  to  verify  the  analysis. 

The  dimensions  of  the  top  and  base  platforms  were  defined  by  the  following 
coordinates  of  the  vertices  (see  Fig.  5.7)  in  some  arbitrary  chosen  reference  systems. 


(5.7) 


j = 0,  20 
i + j < 20 


a (0,  0,  0), 
b (2,  0,  3), 


A (0,  0,  0), 

B (12,  0,  -8), 
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C (8,  7,  -5), 

C (20,  15,  9), 

d (4,  11,  2), 

D (10,  13,  -15), 

e (-2,  3,  -7), 

E (-8,  21,  -10). 

The  leg  lengths  were  given  by 

Aa  = 14.43087, 

Cc  = 10.71928, 

Ba  = 20.79062, 

Dd  = 28.48897, 

Bb  = 19.36236, 

Ee  = 34.97020. 

With  the  above  dimensions  of  the  mechanisms,  the  coefficients  in  the  equation 
set  (5.2)  were  determined.  These  coefficients  were  used  as  the  entries  of  the  24x24 
matrix  M in  (5.4).  By  using  the  Laplace’s  Expansion  method  introduced  in  Section 
4.4,  the  eliminant  | M | was  expanded  into  924  pairs  of  minors  and  cofactors,  and 
each  of  which  was  the  determinants  of  12x12  matrices.  The  determinant  of  matrix 
of  this  size  was  able  to  be  obtained  by  using  the  Mathematica.  The  summation  of  the 
924  pairs  of  determinants  was  in  the  form  of  (5.5).  Substituting  the  identities  (5.6) 
in  (5.5)  and  expanding,  the  following  equation  was  obtained 

6.2x10'“c2^'*  + 3.5x10  “c2^S2  + 1.8x10  “ C2^  + 2.2x10  ’ C2^ 

- 1.3x10  “ C2^^  S2  - 1.0x10  ’ C2^^  + 4.1x10  ’ 02“  S2 

+ C2"’  - 2.9  C2“  S2  - 7.6  C2“  - 0.4  C2“  S2  + 42.0  - 9.3  S2 

- 133.4  C2”  + 82.2  C2“  S2  - 195.5  02“  - 846.7  S2  + 2926.1  02“ 

- 1621.6  C2“  S2  + 9440.4  + 6419.9  ^ - 9192.7 

+ 34220.3  C2^  S2  - 95273.2  02“  + 3786.5  C2“  S2  - 36708.5  02“ 

- 1.9x10^  C2“  S2  + 3.5x10^  C2“  - 97312.9  C2’s2  + 1.6x10*  C2’ 
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+ 4.2x10^  C2*  S2  - 6.3x10^  + 97956.3  €2^  - 31720.7  C2"  - 4.8x10*  S2 
+ 6.5x10*  + 1.8x10*  C2*  S2  - 2.9x10*  C2*  + 4.0x10*  S2  - 5.3x10* 

- 2.2x10*  C2  S2  + 2.4x10*  C2*  - 2.6x10*  S2  + 2.6x10* 

+ 30663.2  C2  S2  - 30662.5  c^.  ~ 1504.2  S2  + 1504.2  = 0. 

Neglecting  the  coefficients  of  for  i = 0,1,  j = 21,  22, ...,  24,  and  21  < i + j < 24 
in  (5.7),  and  introducing  the  tan-half-angle  z = tan(02/2)  gives 

- 7.0z*’  + 32.9z*«  - 111.8Z*’  + 315.6z*"  - 772.3z**  + 1740.8z*^ 

- 3734.3Z**  + 7743.2z*^  - 15451.9z*^  + 29037.5z*®  - 50194.  Iz^’ 

+ 78147.9z“  - 107789.1z"’  + 129123.0z^*  - 129649.6z“  + 99745.5z^ 

- 38991.2z“  - 40589.9z“  + 117579.22^'  - 169474.  Iz""  + 182449.0z'’ 

- 156983.8z‘«  + 106306.5z^’  - 48847.9z“  - 39.0z^  + 32553.9z^'‘ 

- 48231.1z‘*  + 50845.0z*^  - 45265.9z“  + 35668.4z“  - 25156.4z’ 

+ 15816.9/  - 8771.8z’  + 4235.1z*^  - 1751.6z*  + 609.6z^  - 173.5z* 

+ 39.1/  - 6.3z  + 0.7  = 0.  (5.7) 

This  polynomial  equation  has  the  following  40  roots: 

z = 0.91893,  1.28951,  (-1.58300  ± il.23531),  (-0.94442  ± i0.04436), 

(-0.51204  ± i0.52790),  (-0.34429  ± il.l6614),  (-0.32935  ± il.72850), 
(-0.15135  ± il.05909),  (-0.12815  ± iO.86348),  (0.03876  ± iO.39556), 
(0.11733  ± i0.63920),  (0.17828  ± iO.43789),  (0.21976  ± i0.64108), 
(0.41931  ± il.99215),  (0.52770  ± i0.45971),  (0.62888  ± i0.74189), 
(0.66799  ± il.l5571),  (0.66939  ± i0.79044),  (0.74574  ± i0.54064), 
(0.94728  ± i0.08923),  and  (1.22741  ± il.47725). 
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Each  solution  for  z gives  a pair  of  solutions  for  x and  y.  It  follows  that  there  are  forty 
solution  sets  for  the  equation  set  (5.2).  With  the  solutions  for  x,  y,  and  z,  the 
coordinates  of  the  vertices  of  the  top  platform  were  determined  in  a reference  system 
whose  origin  is  at  A (see  Fig.  5.7).  B lies  on  the  x-axis,  and  E is  in  the  xy  plane.  With 
the  given  dimensions,  two  real  and  thirty-eight  complex  assembly  configurations  were 
found.  The  coordinates  of  the  vertices  a,  b,  c,  d,  and  e are  listed  in  Table  5.1.  For 
conciseness,  only  one  solution  for  each  pair  of  complex  conjugate  solutions  is  listed. 
It  can  be  seen  that  there  is  no  reflection  of  the  configuration  through  the  base 
platform  due  to  the  fact  that  the  base  is  nonplanar.  All  the  forty  solutions,  including 
the  complex  ones,  have  been  verified  that  the  correct  leg  lengths  with  at  least  four 
digit  accuracy  were  reproduced. 


Table  5.1  Coordinates  of  the  Vertices  of  the  Top  Platform  of  Case  5-5-A 


a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


8-5000e+00,  1.0000e+01) 
1,0470e+01,  7.0000e+00) 
1.7594e+01,  1,5000e+01) 
1.4349e+01,  8.0000e+00) 
7.0513e+00,  1.7000e+01) 


Solution  2 

(7.1933e+00, 

(4.4893e+00, 

(9,9177e+00, 

(1.0964e+01, 

(1-3950e+01, 


4,1838e+00J,1790e+01) 
3 , 5633e+00 , 9 . 4870e+00 ) 
1.3772e+01,5.5732e+00) 
6 , 2627e+00 , 7 . 2366e -01) 
7-7139e+00,1.3761e+01) 


Solution  1 
(6.0000e+00, 
(5.6527e+00, 
(1.1504e+01, 
(1.6138e+01, 
(9.3017e+00, 

Solution  3 
(-2,8317e+00  + 
(-2.00956+00  + 
( 9.15256+00  + 
(-5.77326+00  + 
(-2.56746+00  + 


4.35546+00, 

8.55196+00, 

1.55806+01, 

2.21566+01, 

4.00516-01, 


-1.59926+01  - 
-1.42596+01  - 
-2.65516+00  - 
3.27606+00  - 
-1.41506+01  - 


i2. 09806+00, 
i3. 79116+00, 
i 1.05506+01, 
i 2. 64676+00, 
i3. 32406-01, 


-3.24766+00  + 
2.21196+00  + 
2.21506+00  + 
7.39386+00  + 
-1.20436+01  + 


6.53316+00) 

6.43866+00) 

2.54486+00) 

1.24476+01) 

6.78406+00) 


Solution  4 
(-7.52766+00 
(-6.94286+00 
( 1.09946+01 
( 1.55596+01 
(-1.68526+00 


+ i 1.76506-01, 

- i4. 46906-03, 

- i 1.25086+01, 

+ i 1.28626+00, 

- i 1.83696+00, 


-6.79176+00  - 
-3.21166+00  - 
-5.81586+00  + 
-4.35036+00  + 
-1.37406+01  + 


i5. 96786-01, 
i5. 34576-01, 
i 1.78106+00, 
i2. 01626+00, 
i 1.29436-01, 


-1.02916+01 

-1.05576+01 

4.32836+00 

-1.19076+01 

-7.02596+00 


+ i2. 64746-01) 
+ i7. 04436-01) 
+ i 1.61776+01) 
+ i 2. 00776+01) 
+ i5. 41226+00) 


Solution  5 

(-1.13596+01 

(-1.11606+01 

(-4.01636-01 

( 2.32276+00 

(-7.59056+00 


+ i9. 34196-01, 

- i8. 26406-01, 

- i 2.37996+00, 

- i4. 56776-01, 
+ i 3. 75336+00, 


-2.45796+00  - 
4.99636+00  - 
1.21656+01  + 
3.66286+00  - 
-1.42416+01  + 


i 1.34616+01, 
i 1.86196+01, 
i 1.27636+01, 
i 1.28206+00, 
i 4. 38096+00, 


-1.60386+01 

-2.17726+01 

1.00396+01 

-6.13636+00 

2.65156+00 


+ i 1.40136+00) 

- i5. 36486+00) 

- i 1.191 26+01) 

- i4. 20506+00) 
+ i 1.20816+01) 


□.OCQ)  rDQ.OO"Q)  OQ.OO'Q) 
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a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


e 


a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


a 

b 

c 

d 

e 


Solution  6 


(-1.00520+01 

+ 

i 2. 03370+01, 

-3.89610+01 

- 

i 1.62690+01, 

-1.40770+01 

+ 

i3 

(-9.82190+00 

+ 

i3. 48350+01, 

-4.84410+01 

- 

i 1.04270+01, 

-5.77200-01 

+ 

i3 

( 5.44730+01 

- 

i4. 51210-01, 

9.90080-01 

+ 

i2. 82420+01, 

-6.43250+00 

- 

i2 

( 1.71410+01 

- 

i 9. 48000+00, 

1.15350+00 

- 

i 1.67250+00, 

-2.07210+01 

- 

i3 

( 6.3868e+00 

- 

i 1.85230+01, 

-5.26250+00 

- 

i 1.74350+01, 

-4.17740+01 

+ 

i6 

Solution  7 

( 3.10440+00 

+ 

i 1.22200+01, 

-2.61030+01 

+ 

i5. 42540+00, 

5.65660+00 

+ 

i1 

( 4.42670+01 

+ 

i 2. 26760+01, 

-6.84000+00 

+ 

i9. 24710+00, 

1 .67820+01 

- 

i2 

( 5.16700+01 

+ 

i3. 55950+01, 

-1.66580+01 

+ 

i 1.481 10+01, 

3.10620+01 

- 

i2 

( 1.05070+02 

- 

i 5. 04940+01, 

9.12990+00 

- 

i2. 35040+01, 

-6.34630+01 

- 

i8 

(-5.85800+01 

- 

i 1.40460+01, 

-5.94480+01 

- 

i4. 87410+00, 

-2.25300+01 

+ 

i8 

Solution  8 

(-2.84550+01 

+ 

i4. 22690+01, 

-7.71510+01 

- 

i4. 98440+01, 

-4.16820+01 

+ 

i6 

(-3.05570+01 

+ 

i 5. 23350+01, 

-9.54080+01 

- 

i5. 92700+01, 

-5.15790+01 

+ 

i7 

(-4.22320-02 

- 

i3. 85330+01, 

1.88200+01 

+ 

i8. 83890+01, 

1.04560+02 

- 

i1 

(-6.70430+01 

- 

i 2. 32670+01, 

6.15700+01 

- 

i3. 16990+01, 

-3.45900+00 

- 

i6 

(-2.39170+01 

- 

i 4. 55490+00, 

4.67910-01 

+ 

i3.4O680-O1, 

1.40060+01 

- 

i2 

Solution  9 

(-3.99370+01 

- 

i7. 94120+00, 

1 .46070+01 

- 

i6. 97490+01, 

-5.89050+01 

- 

i1 

(-5.48610+01 

- 

i 1.49030+01, 

2.32530+01 

- 

i 8. 47430+01, 

-6.34590+01 

- 

il 

( 2.10650+01 

- 

i6. 91590+01, 

7.32380+01 

- 

i 6. 46630+00, 

-3.18460+01 

- 

i1 

( 1.58880+01 

- 

i 1.92210+01, 

2.49540+01 

- 

i 1.60970+01, 

-5.21590+01 

- 

i8 

( 1.16720+01 

- 

i7. 31290+00, 

9.79470+00 

- 

i 1.78500+01, 

-4.29450+01 

+ 

il 

Solution  10 

(-5.26680+00 

- 

i6. 72510+00, 

1.77460+01 

- 

i 5. 91 840+00, 

-6.90020+00 

- 

il 

(-2.52690+01 

- 

i 1.631 10+01, 

1 .33980+01 

- 

i 1.60660+01, 

5.46300+00 

- 

i2 

( 1.01840+01 

- 

i2. 18070+01, 

4.03750+01 

- 

i 5. 79630+00, 

3.47160+00 

+ 

il 

(-3.28190+01 

+ 

i 1.32780+01, 

1.12630+01 

- 

i 5. 16330+00, 

-2.79060+01 

- 

i3 

( 3.57480+01 

+ 

i 1.32100+01, 

3.04690+01 

+ 

i 1.54670+01, 

-3.37440+01 

+ 

i3 

Solution  11 

(-3.37020+00 

- 

i 1.61910+01, 

3.24750+01 

- 

i 4. 71 300+00, 

-4.05530+00 

- 

i2 

(-9.24980+00 

- 

i 1.22160+01, 

3.02740+01 

- 

i8. 82690+00, 

-8.27610+00 

- 

i2 

( 1.19060+02 

+ 

i3. 15120+01, 

3.74880+00 

+ 

i 1.0671 0+02, 

-5.08800+01 

+ 

i3 

( 4.84150+01 

+ 

i 1.00030+02, 

-6.22120+01 

+ 

i 5. 26240+01, 

-7.72230+01 

- 

il 

( 4.10740+01 

+ 

i 1.89580+00, 

1 .76080+01 

+ 

i3. 46230+01, 

-1.52230+01 

- 

i4 

Solution  12 

(-1.78110+00 

- 

i 8. 14420+00, 

2.05120+01 

- 

i 1.70270+00, 

-1.67160+00 

- 

il 

(-1.61890+01 

- 

i 1.44970+01, 

1.81720+01 

- 

i3.49Ol0+OO, 

5.06490+00 

- 

i2 

( 1.51160+01 

- 

i 6. 74570+00, 

1.11410+01 

- 

i4. 41270-01, 

-2.44620+00 

+ 

i3 

( 8.6580e+00 

- 

i4. 48490+01, 

1.60230+01 

- 

i5. 46300+00, 

3.66020+01 

- 

i2 

( 3.33040+01 

+ 

i 1.33230-01, 

2.28770+01 

+ 

i 1.75060+00, 

-1.04000+01 

+ 

i2 

Solution  13 

( 1.81950+00 

- 

i 1.45810+01, 

2.99180+01 

+ 

i 3. 61 320+00, 

3.72930+00 

- 

i2 

( 6.37130+00 

- 

i 1.43520+01, 

2.79210+01 

+ 

i 6. 26550+00, 

5.32030+00 

- 

il 

( 1.27530+02 

+ 

i 2. 96620+01, 

2.18870+01 

+ 

i 1.01530+02, 

-5.21410+01 

+ 

i6 

( 1.23990+02 

- 

i6. 33020+01, 

8.52400+01 

+ 

i8. 11980+01, 

2.05550+01 

+ 

i7 

( 3.52600+01 

- 

i 1.32030+01, 

4.04850+01 

+ 

i2. 89880+01, 

-8.41330+00 

+ 

i4 

Solution  14 

( 8.66670+00 

+ 

i 6. 77650+00, 

-1.57740+01 

+ 

i 1.27450+01, 

1.40000+01 

+ 

il 

( 1.43700+01 

- 

i3. 93970+00, 

-1.96670+01 

+ 

i 3. 26460+00, 

8.31550-01 

+ 

i8 

( 1.94980+01 

+ 

i 6. 29420+00, 

1.64300+00 

+ 

i 2. 65960+00, 

3.42480+00 

- 

i6 

( 4.46950+01 

+ 

i7. 19340+00, 

1.03620+01 

- 

i9. 31090+00, 

-2.32390-01 

- 

i2 

( 4.11460+00 

+ 

i2. 91830+01, 

-3.33290-01 

+ 

i 2. 73800+01, 

3.73920+01 

+ 

i4 

Solution  15 

( 5.0633e+00 

- 

i 5. 26630+00, 

1.53840+01 

+ 

i 6. 14670+00, 

8.59490+00 

- 

i7 

(-9.58550-01 

- 

i 6. 82220+00, 

1 .33340+01 

+ 

i 9. 08000+00, 

9.40680+00 

- 

il 

( 1.71730+01 

- 

i 1.17540+01, 

2.03800+01 

- 

i8. 82040+00, 

2.61640+01 

+ 

i8 

( 6.83380+00 

+ 

i3. 23490-01, 

3.01770+01 

+ 

i 2. 87420+00, 

1.34590+01 

+ 

il 

( 2.03680+01 

- 

i 2. 50480+00, 

2.28220+01 

- 

i 3. 48230+00, 

1.11340+01 

+ 

i3 

0506e+01) 

4362e+01) 

6647e+01) 

3998e+00) 

0234e+00) 


8330e+01 ) 
6972e+01) 
9844e+01) 
8930e+01) 
7995e+01) 


3403e+01) 

8653e+01) 

1615e+01) 

8613e+01) 

7290e+00) 


1912e+01) 

7565e+01) 

1023e+01) 

5963e-01) 

7047e+00) 


0088e+01) 

9166e+01) 

2114e+01) 

6558e+01) 

0507e+01) 


4287e+01) 
7678e+01 ) 
2078e+01) 
6230e+01) 
6739e+00) 


2216e+01) 

6425e+01) 

0274e+00) 

6462e+00) 

1993e+01) 


1872e+01) 

9198e+01) 

3605e+01) 

6798e+01) 

0050e+00) 


0165e+01) 
3271e+00) 
9391 e+00) 
9282e+01) 
8650e+00) 


8994e+00) 
2034e+01 ) 
28740-01 ) 
81060-02) 
66240+00) 
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Solution  16 


a 

( 

9.8193e+00 

- 

i5.2367e+00. 

1.2381e+01 

+ 

i 1.41320+01, 

1.57290+01 

- 

i7. 85500+00) 

b 

( 

8.4865e+00 

- 

i1.0552e+01. 

5.9042e+00 

+ 

i 1.68180+01, 

1 .93270+01 

- 

i4. 99030+00) 

c 

( 

6.541 1e+01 

- 

i1.5845e+01. 

3.5417e+00 

- 

i 4. 57330+01, 

-1.01810+01 

- 

i 1.01920+01) 

d 

( 

5.4025e+01 

+ 

i1.4840e+01. 

3.6433e+01 

- 

i2. 91290+01, 

5.46900+00 

- 

i 2. 27650+01) 

e 

( 

3.0193e+01 

+ 

i6.6647e+00. 

2.7645e+01 

- 

i9. 79820+00, 

1 .49370+00 

- 

i 1.64820+01) 

Solution  17 

a 

( 

1.3912e+01 

- 

i1.9629e-01. 

4.2588e-01 

+ 

i 2. 15300+01, 

2.18670+01 

- 

i2.94430-O1) 

b 

( 

1.0445e+01 

- 

i1.5174e+00. 

-2.8636e+00 

+ 

i2. 30460+01, 

2.20360+01 

+ 

i2. 11860+00) 

c 

( 

-7.2231e+00 

+ 

i2.1228e+01. 

1 .4871e+01 

+ 

i2. 87010+01, 

4.04620+01 

+ 

i 1.84850+01) 

d 

( 

-1.7899e+01 

+ 

i1.3106e+00. 

4.5497e+00 

+ 

i3. 56700+01, 

2.14710+01 

+ 

i 2. 58940+01) 

e 

( 

1.2317e+01 

+ 

i7.1003e+00. 

1.0819e+01 

+ 

i2. 18430+01, 

2.51990+01 

+ 

i2. 21970+00) 

Solution  18 

a 

( 

1.0441e+01 

- 

i4.4515e+00. 

1.0523e+01 

+ 

i 1.49900+01, 

1.66610+01 

- 

i6.67730+OO) 

b 

( 

1.2143e+01 

- 

i3.7046e+00. 

1.2658e+01 

+ 

i 1.28720+01, 

1 .32690+01 

i7.63540+OO) 

c 

( 

■9.6207e+00 

+ 

i5.8219e+01. 

6.9623e+01 

+ 

i3. 76240+01, 

4.29650+01 

- 

19.7366e+00) 

d 

( 

3.8458e+01 

+ 

i5.3429e+01. 

6.9041e+01 

- 

i7.96170+OO, 

3.07640+01 

- 

i2. 64320+01) 

e 

( 

6.8923e+00 

+ 

i1.4970e+01. 

2.6411e+01 

+ 

i 2. 06600+01, 

3.11000+01 

- 

i8- 14410+00) 

Solution  19 

a 

( 

7.4063e+00 

- 

i3.4787e+00. 

1.07210+01 

+ 

i8. 29720+00, 

1.21090+01 

- 

i 5. 21800+00) 

b 

( 

2.4467e+00 

- 

i3.3079e+00. 

1.02360+01 

+ 

i 1.1 0090+01, 

1.11740+01 

- 

i7. 52570+00) 

c 

( 

1.5252e+01 

+ 

i1.0280e+01. 

1 .93290+01 

- 

i 1.87430+00, 

-5.10950+00 

- 

i4. 03420+00) 

d 

( 

1 .4407e+01 

- 

i8.3967e-02. 

5.55600+00 

- 

i8.41920-O2, 

-1.04590+00 

i 1.20960-01) 

e 

( 

2.0385e+01 

- 

i5.7629e-01. 

1.27200+01 

- 

i6. 41570-01, 

8.70100+00 

+ 

i5. 90650-01) 

Solution  20 

a 

( 

6.1880e+00 

- 

i4.2237e-01. 

8.12900+00 

+ 

i 1.1 2290+00, 

1.02820+01 

- 

i6. 33560-01) 

b 

( 

6.701 1e+00 

- 

i2.4814e+00. 

1.10620+01 

+ 

i7. 15530-01, 

7.26560+00 

m 

i 1.37980+00) 

c 

( 

1.7059e+01 

- 

i2.1109e+00. 

3.58880+00 

+ 

i 2. 30450+00, 

5.23080+00 

- 

i5. 32950+00) 

d 

( 

8.8788e+00 

- 

i5.7724e+00. 

4.03890+00 

- 

i4. 07320-01, 

-1.90170+00 

- 

i 1.30140+00) 

e 

( 

7.6905e+00 

+ 

i2.7761e+00. 

4.81720-01 

+ 

i 1.99250+00, 

1 .38200+01 

- 

i 1.12370-01) 

Solution  21 

a 

( 

9.4244e+00 

+ 

i1.8245e+00. 

-5.21990+00 

+ 

i 1.1 2300+01, 

1.51370+01 

+ 

i2. 73680+00) 

b 

( 

1.3405e+01 

+ 

i1.9393e-02. 

-2.18590+00 

+ 

i 1.38760+01, 

1.57130+01 

+ 

i 1.27790+00) 

c 

( 

7.4122e+00 

- 

i9.1383e+00. 

4.95400+00 

+ 

i9. 51370+00, 

2.73860+00 

+ 

i3. 10750+00) 

d 

( 

4.6236e+00 

- 

i1.0615e+01. 

1 .06980+01 

+ 

i 7. 88460+00, 

9.49630+00 

+ 

i 3. 88300+00) 

e 

( 

-1.2833e-02 

+ 

i1.5993e+00. 

-7.22410+00 

+ 

i 4. 85930+00, 

1.06180+01 

+ 

i6. 03250+00) 

5.5  The  5-6  and  6-6  Platforms 

Figures  5.9  and  5.10  illustrate  the  top  views  of  the  5-6  and  6-6  Platforms.  A 
6-6  Platform  is  shown  in  three-dimension  in  Fig.  1.2.  The  5-6  Platform  contains  four 
legs  which  are  connected  singly  at  the  vertices  of  both  the  top  and  base  platforms. 
There  is  only  one  kind  of  leg  arrangement  for  the  Platform.  The  6-6  Platform  is  the 
most  general  form  of  all  the  In-parallel  Platforms  in  this  study.  Of  course,  all  the  legs 
of  the  6-6  Platform  are  singly  connected  legs.  The  forward  displacement  analysis  of 
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both  of  these  Platforms  could  not  be  achieved  by  using  any  of  the  methods  presented 
in  this  study. 


Fig.  5.9  The  5-6  Platform 


Fig.  5.10  The  6-6  Platform 


CHAPTER  6 

SUMMARY  AND  DISCUSSION 


The  In-parallel  Platforms  in  this  study  consist  of  a top  platform  cormected  to 
a base  by  six  spherical  jointed-ended  legs.  The  legs  are  connected  either  singly  or 
pair-wise  at  the  vertices  of  the  top  and  base  platforms.  With  these  features,  a total 
of  nineteen  forms  of  this  Platform  can  be  produced.  The  closed-form  forward 
displacement  analysis  problems  for  most  forms  were  solved  successfully  and  the 
results  are  summarized  in  Table  6.1. 

Many  cases  were  analyzed  by  using  constructions  so  that  a complicated  case 
could  be  modeled  by  a simpler  one.  The  results  of  these  cases  from  the  analyses  were 
the  same  and  the  cases  were  geometrically  similar.  For  example,  all  the  cases  which 
have  three  pairs  of  concentric  spherical  joints  in  the  top  platforms  could  be  modeled 
by  a 3-3  Platform,  and  the  numbers  of  degree  of  the  polynomials  and  the  numbers 
of  assembly  configurations  for  all  the  cases  were  sixteen. 

In  this  study,  the  platforms  of  many  cases  were  planar  and  nonparallel. 
However,  it  is  believed  that  the  removal  of  the  constraints  would  not  increase  the 
degree  of  solution.  In  fact,  a generalized  Case  4-4-C  which  has  nonplanar  top 
platform  and  base  was  analyzed  by  Selfridge  (1991).  The  degree  of  the  solution  was 
twenty-four  and  it  was  the  same  as  that  of  the  case  with  the  constraints. 
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The  two  kinds  of  formulations  for  the  forward  analysis  of  Case  4-5-Bb 
presented  in  Section  4.2.2  resulted  in  two  different  equation  sets.  Both  of  these 
equation  sets  consisted  of  three  equations  in  three  variables.  The  first  set,  which  was 
obtained  by  using  the  closed  loop  chain,  consisted  of  two  equations  in  three  variables, 
and  one  equation  in  two  variables.  The  second  set,  which  was  obtained  by  using  a 
"virtual"  Case  4-4-C  Platform,  consisted  of  two  equations  in  two  variables,  and  one 
equation  in  three  variables.  It  was  shown  in  Section  4.3  that  the  elimination  of  two 
variables  from  three  equations  in  the  form  of  the  first  set  resulted  in  a thirty-second 
degree  polynomial.  In  a numerical  example  presented  in  Section  4.4,  a substitution 
of  a identity  in  the  polynomial  reduced  the  degree  to  twenty-fourth  for  Case  4-5-Ba. 
On  the  other  hand,  the  elimination  of  three  equations  in  the  form  of  the  second 
equation  set  resulted  in  a twenty-fourth  degree  polynomial,  as  shown  in  Section  3.3.1. 
Obviously,  the  second  formulation  is  a better  one  because  numerical  examples  used 
in  the  elimination  cannot  give  a proof  of  the  result. 

There  is  no  proof  in  this  study  that  the  formulation  of  the  analysis  for  Case 
4-5-Ba  indeed  results  in  a twenty-fourth  degree  polynomial  equation.  Nevertheless, 
there  are  some  reasons  to  believe  that  the  solution  for  Case  4-5-Ba  is  generally  true. 
Several  numerical  examples  were  carried  out  and  it  was  found  that  the  equation  set 
could  always  be  reduced  to  a twenty-fourth  degree  polynomial.  Also,  Cases  4-5-Bb, 
which  has  a similar  leg  arrangement  to  Case  4-5-Ba,  was  proved  to  have  a twenty- 
fourth  degree  polynomial  by  a different  formulation.  The  fact  that  there  are  two 
kinds  of  formulations  for  Case  4-5-Bb  gives  hope  that  Case  4-5-Ba  can  also  be  solved 
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by  another  method.  Further  work  is  needed  on  Case  4-5-Ba  to  obtain  a different 
formulation  for  three  equations  in  which  two  equations  contain  two  variables  and  one 
contains  three  variables.  From  such  an  equation  set,  it  is  then  possible  to  have  a solid 
proof  that  the  analysis  of  Case  4-5-Ba  will  result  in  a twenty-fourth  degree 
polynomial  equation. 

It  should  be  mentioned  here  that  the  result  for  Case  5-5-A  is  also  conjectural. 
In  this  study  and  in  Innocenti  and  Parenti-Castelli  (1990),  the  results  for  this  case 
were  obtained  by  numerical  examples.  Further  work  is  needed  to  obtain  a different 
formulation  so  that  the  result  can  be  solidly  proved. 

The  problem  for  the  most  general  case,  whose  legs  connected  singly  at  six 
vertices  in  both  the  top  and  bases  platforms,  remains  unsolved.  (See  Fig.  5.10.)  Also, 
the  forward  analyses  of  three  other  cases.  Cases  5-5-B,  5-5-C,  and  5-6,  which  have 
only  one  concentric  spherical  joint  in  either  the  top  or  base  platforms  were  not 
achieved.  Nevertheless,  the  analysis  of  the  simpler  cases  are  believed  to  be  very 
conducive  to  solving  the  problem  of  the  most  general  case. 

The  formulations  of  the  various  problems  may  well  provide  some  insight  into 
the  solution  for  the  general  6-6  Platform.  Also,  the  results  shown  in  Table  6.1  are 
quite  interesting  because  for  the  Platforms  analyzed,  there  is  a relationship  between 
the  numbers  of  assembly  configurations  and  the  ways  that  the  legs  are  arranged. 
Specifically,  some  cases  contain  some  legs  which  are  singly  connected  at  the  vertices 
of  both  the  top  and  base  platforms.  The  following  relationships  can  be  drawn  from 
the  Table:  for  those  Platforms  that  do  not  contain  any  singly  coimected  legs,  the 
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numbers  of  assembly  configurations  are  always  skteen.  There  are  eight  such 
Platforms.  When  there  is  one  singly  connected  leg  in  a Platform,  the  number  of 
assembly  configurations  increases  by  eight.  Cases  4-4-C,  4-5-Ba,  and  4-5-Bb  are  the 
only  In-parallel  Platforms  which  contain  one  singly  connected  leg.  Their  numbers  of 
assembly  configurations  are  twenty-four.  When  the  number  of  singly  connected  leg 
in  a Platform  increases  to  two,  the  number  of  assembly  configurations  again  increases 
by  eight.  The  number  of  assembly  configurations  are  thirty-two  for  Cases  4-5-C,  4-6- 
A,  and  4-6-B,  which  are  three  of  the  five  cases  that  have  two  singly  connected  legs. 
Finally,  for  the  only  case  which  has  three  singly  connected  legs,  viz.  Case  5-5-A,  the 
number  of  assembly  configuration  is  forty,  assuming  that  this  result  is  corrected.  The 
above  relationship  suggests  that  the  number  of  singly  connected  legs  is  linearly  to  the 
numbers  of  assembly  configurations.  Further,  this  relationship  is  independent  to  the 
numbers  of  vertices  of  the  platforms.  If  this  relationship  is  also  valid  for  those 
Platforms  which  contain  higher  numbers  of  vertices,  for  example.  Cases  5-6  and  6-6, 
than  the  numbers  of  assembly  configurations  for  these  two  cases  are  respectively 
forty-eight  and  sixty-four. 
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Table  6.1  Results  of  The  Forward  Displacement  Analyses  of  The  In-Parallel 

Platforms 


; Cases 

Leg 

Arrangements 

Degree 

of 

Polyno-  ; 
mi^ 

Number 

of 

Assembly 

configura- 

tions 

Number 

of 

Singly 
Connect-  i 
ed  legs 

3-3 

rji  f Ji^i  r r^i 

16 

16 

0 

3-4 

T-T-T-T-T-Q 

16 

16 

0 

modeled  by  3-3 

3-5 

T-T-T-Q-T-Q 

16 

16 

0 

modeled  by  3-3 

3-6 

T-Q-T-Q-T-Q 

16 

16 

0 

modeled  by  3-3 

4-4-Aa 

T-T-Q-T-T-Q 

16 

16 

0 

modeled  by  3-3 

4-4-Ab 

4-4-B 

T-T-T-Q-T-Q 

8 

16 

0 

planar  top 

4-4-C 

T-T-T-T-Q-Q 

24 

24 

1 

planar  top  & base 

4-5-A 

T-Q-T-Q-T-Q 

8 

16 

0 

modeled  by  4-4-B 

4-5-Ba 

T-T-Q-T-Q-Q 

24 

24 

1 

conjectured 

4-5-Bb 

planar  top  & base 

4-5-C 

T-T-T-Q-Q-Q 

32 

32 

2 

4-6-A 

T-Q-T-Q-Q-Q 

32 

32 

2 

modeled  by  4-5-C 

4-6-B 

T-Q-Q-T-Q-Q 

32 

32 

2 

planar  base 

5-5-A 

T-T-Q-Q-Q-Q 

40 

40 

3 

conjectured 

5-5-B 

T-Q-T-Q-Q-Q 

9 

• 

9 

• 

2 

5-5-C 

T-Q-Q-T-Q-Q 

9 

• 

9 

• 

2 

5-6 

T-Q-Q-Q-Q-Q 

9 

• 

9 

• 

4 

6-6 

Q-Q-Q-Q-Q-Q 

9 

• 

9 

• 

6 
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